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Abstract

Roblox success is often discussed as isolated targets: a high click-through rate, a
large concurrent population, a profitable shop, or a frequent update schedule. These
quantities are coupled outcomes of a partially observed system. This manuscript de-
velops a mathematical framework linking creative selection, first-session experience,
repeat play, social interaction, technical reliability, progression, monetization, pro-
duction capacity, and update design. Cohort renewal equations and multistate pro-
cesses connect acquisition to daily activity; survival calculus identifies early-session
friction; causal experiments distinguish improvements from changing audiences; con-
strained optimal control allocates scarce development and advertising resources. A
preliminary launch audit supplies a concrete example of metric disagreement and
incomplete attribution, not a universal benchmark or a causal validation. Synthetic
numerical experiments illustrate the models. The final development is an update
architecture in which content expands combinations, social stories, and meaningful
goals while preserving a recognizable core loop. A concluding synthesis, the crystal
model, places all 28 structures on the facets of a 28-faced crystal and links them multi-
plicatively to retained click-through. The result is an operational research blueprint:
estimands, derivations, decision rules, and falsifiable hypotheses for building durable
games under uncertainty.

Keywords: Roblox; retention; survival analysis; causal inference; stochastic control;
live operations; game economies.
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Notation and Model Domains

Symbols are local to a model when explicitly redefined. In particular, a daily participation
probability is not an instantaneous occupancy, and a session-survival probability is not exact-
day retention. This distinction is necessary for interpreting the equations consistently.

Table 1. Principal notation.

Symbol Meaning Units or domain

t, c, a Calendar time, arrival cohort, cohort age Days unless specified

Dy, M, Distinct daily and trailing-month active users Players

A, Newly acquired distinct users in cohort ¢ Players

re(a) Exact-day participation probability Dimensionless

Ly Expected player-days through age H Player-days per acquisition

T, S(t), h(t) First-session duration, survival, hazard Minutes; probability;
inverse minutes

P Q Daily transition matrix, continuous-time Stochastic; inverse time

generator

n(a,t, z) Expected cohort-state population in segment z  Players per cohort-age unit

b, B Advertising spend, available spending budget One declared currency

g, m, W Receipts or conditional value, as specified Currency per period or
active user

Qt, Ut Product state, feasible control action Model-specific vectors

hj;, Hy Production allocation and available hours Hours

6, p Discount factor or rate; locally redefined Dimensionless or inverse
time

W; In-game wallet balance Declared game currency

N; Remaining meaningful novelty proxy Model-specific value units

T Update interval; sometimes a treatment Days or stated outcome

contrast units

0, D Unknown parameters, observed evidence Model-specific

o(B) Spectral radius of a population-cycle operator Dimensionless

Fi Information available at decision time Sigma-algebra

E, Var, Cov Expectation, variance, covariance Induced by defined random

variables

Model boundaries.

Equations for first-session survival concern uninterrupted sessions. Re-

newal equations concern daily participation. Markov and transport equations are proposed pop-
ulation approximations. Queueing formulas are illustrative stress models, not reverse-engineered
Roblox internals. Optimization results are conditional on estimated response functions and de-
clared constraints.
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1 Success as a controlled trajectory

A game succeeds over time, rather than at a single instant. A large launch can conceal weak
return behavior. A quiet week can conceal a small, durable community. A profitable event
can accelerate future churn if it damages fairness, trust, or the economy. Consequently, success
requires a time horizon, a population, a resource constraint, and a definition of player value. A
dashboard number without these ingredients is a description, not a decision criterion.

Consider a studio choosing actions ug, u1, ..., ur. An action may allocate engineering effort,
change a first-session interaction, release a map, adjust a progression curve, select a creative, or
reserve cash rather than spend it. Let X; summarize the product and community state. The
studio observes a noisy projection Y;, not the entire state:

Xit1 = Fo( X, ug, &e41)s (1.1)
th = Hg(Xt,€t). (12)

Unknown 6 includes preferences, transition rates, technical sensitivities, and distribution re-
sponses. Disturbances & include competing releases, holidays, outages, and the arrival of par-
ticular social groups. Measurement error ¢; includes delayed attribution, incomplete sessions,
aggregation, and instrumentation failure.

The object of optimization is a policy 7: a rule choosing actions from information available
at the time. A policy cannot legitimately depend on a cohort’s future revenue before that
revenue exists. If F; is current information, u; must be F;-measurable. This prevents hindsight
evaluation in which the eventual winning creative is treated as though it had been known before
testing.

1.1 Outcomes before a scalar objective

Let outcomes include retained player-days P, meaningful social interactions S, net receipts G,
player-reported experience V, and operating burden C'. The feasible set is

A={(P,S,G,V,C) : attainable under declared constraints}. (1.3)

A Pareto-efficient design admits no improvement in one desired coordinate without deterioration
elsewhere. There need not be one design maximizing every coordinate. A studio should identify
tradeoffs before hiding them behind numerical weights.

A scalar planning objective is nevertheless useful:

T
J(ﬂ') =E, |:Z 5t{gt —b—c + w’ut} — /\riskR(W)a 0<d6<1. (1.4)
t=0

Here g;, b, c; use the same monetary unit; v; is a declared player-value measure; and w converts
its units to objective units. Without a defensible w, report a Pareto frontier. Robux, USD, and
player-days must not be added without conversion conventions.
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Experience Player decisions
> Rules, pacing, Act, leave, learn,
performance coordinate

Build and operate

Y

Effort, reliability, content

A
A feedback system, not a single KPI

Y
Returns and
social play

Measurement Value and cost

A

A

Versioned evi- Player-days, re-

dence, uncertainty ceipts, burden Cohorts, friends,

reactivation

Figure 1. The proposed feedback architecture. Each box is a model component and each arrow a
modeled dependency to investigate; the arrows form a single cycle, which is the sense in which no one
indicator can be read in isolation. Arrows are not estimates of causal effects.

1.2 Feasibility is part of the product

Reliability, accessibility, and capacity enter as constraints:

Pr(critical save failure | z) < e, (1.5)

E[engineering hours in week t] < Hy,

Y b<B, b >0 (1.7)
t

The tolerances €, are studio requirements, not Roblox-wide numerical thresholds. Segment z
may represent device class, language, or acquisition source. A design working for the average
user may remain unacceptable when a large mobile segment experiences persistent failure.

Definition 1.1 (Sustainable success). For a declared horizon and resource envelope, sustainable
success means maintaining a feasible policy that creates positive player value and a viable
operating trajectory, with uncertainty reported and without depending on indefinitely increasing
paid acquisition.

A niche game can satisfy this definition. It does not require the largest audience or an
institutional budget. It also permits a rational stop: if the next dollar or production week has
lower expected value here than elsewhere, conserving resources can be the best continuation
policy.

1.3 A blueprint is an identification problem

Writing Fy does not identify 8. Many parameter settings can produce the same DAU curve.
An advertising surge followed by weak returns may resemble stable acquisition followed by an
outage. Observational equivalence means that model complexity must be earned with additional
measurements or interventions.

The practical object is therefore a sequence

hypothesis —> measurable contrast — intervention — updated belief. (1.8)

A design decision is justified by how it changes expected future outcomes under uncertainty. A
model earns its place by improving that decision, not by displaying sophisticated notation.



N. DASARI STOCHASTIC SYSTEMS AND LIVE GAME DESIGN

Practical implication. Start with a ledger specifying what will change, which outcome should
move, whom it should help, how long evidence takes to mature, and what observation would
reverse the decision. The rest of the manuscript develops that ledger mathematically.

2 Evidence, denominators, and measurement contracts

A dashboard can establish that a percentage changed. It cannot alone establish why. Source
mix, version exposure, weekends, device distribution, and missing telemetry can change the same
metric. The first analytical task is to distinguish a measurement from its explanation.

This manuscript separates four claim classes. An Observation is directly inspected evidence.
A Model is a proposed structure. A Hypothesis is a testable explanation. A mathematical result
follows logically from assumptions. A proof about a Markov model does not prove that a game
obeys that model.

2.1 Cohorts and exact-day retention

For cohort ¢ with N, distinct new players, let I;.(d) indicate that player i plays on cohort-relative
day d. Exact-day retention is

Ne
reld) = > L) 1)
€ =1

The same initial cohort supplies the denominator at every horizon. Returning on day 7 after
missing day 6 contributes to r.(7) but not r.(6). Exact-day retention therefore need not decrease
with d. Its graph is not a continuous survival curve.

For distinct daily active users D; and distinct users M; active in a specified trailing monthly
window, stickiness is
=
The monthly denominator is a set union, not the sum of DAU. Near launch, most monthly users
may have arrived today. High o, can coexist with low repeat play; it is not a cohort return
probability.

J¢ (22)

2.2 Averages with different weights

With session durations L;, distinguish

session — . )
F#£sessions
_ > i Lj

L = ’
player #distinct active players

(2.3)

(2.4)

A daily-average card may average the daily ratios, producing a third estimator. Roblox’s en-
gagement and retention documentation should anchor dashboard interpretation [12, 11]. Custom
pooled analysis must retain the original definition.

Proposition 2.1 (Average-of-ratios discrepancy). For totals a; and positive denominators ny,

- , 2.5
Nt Zt Nt n ( )

1 ar Y, at Covr(ng, ar/ny)
kT
t
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where Covy uses divisor T and i = T~! >Nt

Proof. Put ¢; = a;/ny. The identity ng = ng + Covy(n,q) implies the result after division by
. O

A three-player prelaunch day with long playtime can disproportionately influence an un-
weighted card. A high-volume launch day with brief sessions should not receive the same infer-
ential weight simply because both occupy one calendar date.

2.3 The measurement contract

Every measure should retain
M = (entity, event, denominator, window, timezone, source, version, maturity). (2.6)

A report saying D1 is 8% is incomplete. A report specifying exact-day D1 for newly acquired
sponsored players first joining a named build in a UTC interval, after enough follow-up, defines
an estimand. .

Retain event time and ingestion time separately. If £ = fineest _ tevent - a snapshot at T
misses events with &V < 7' < t"8*"  Faster ingestion can imitate improved activity in recent
windows. Missing events should be distinguished from explicit negative outcomes.

2.4 Attribution is not incrementality

An attributed purchase is credited to an advertisement under reporting rules. An incremen-
tal purchase would not have happened without the intervention. With potential outcomes
Yi(1),Y;(0), the latter estimand is

7 = E[Yi(1) - Yi(0)). 27)

Attribution observes neither pair for one player. It is useful accounting, not automatic causal
identification. This matters especially when ads reach existing players who may have returned
anyway.

2.5 Instrument success, failure, and exposure

A purchase prompt, a successful receipt, and a delivered entitlement are different events. A
shop-open count cannot stand in for delivered purchases. Similarly, a server’s configured feature
flag is not proof that every client saw the feature. Log assignment, actual exposure, success, and
failure as distinct stages.

A measurement audit should ask whether totals reconcile across independently generated
records. Perfect equality is not always expected because units differ; explain expected differences
before treating unexplained discrepancies as growth.

Practical implication. When two dashboards disagree, compare contracts before choosing the
more flattering number. Correct denominator selection often resolves more uncertainty than
another layer of modeling.
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3 Cohort renewal and the population accounting equation

Acquisition and retention jointly generate daily activity. Let A, be players first arriving on day
¢, and 7¢(a) their probability of playing at cohort age a. Then

E[D] = DY + i Acre(t —c). (3.1)
c=0

Old users first arriving before the measured window contribute D$'4. Independence is unneces-
sary for this expectation: linearity suffices. Dependence becomes important when calculating
uncertainty.

For stationary cohorts r.(a) = r(a), acquisition is convolved with a return kernel. Large
advertising pulses create large activity pulses even when the kernel is weak. A DAU plot cannot
separately identify input quality and return behavior.

3.1 Player-days per acquisition

Expected player-days over horizon H are

H
Ly = ZT(G)~ (3:2)
a=0

When r(0) =1, Ly > 1. This is not continuous lifetime in the game; it is the expected number
of active days. Constant acquisition A eventually produces, under stationarity and summability,

E[D] & ALy,  Loo= Y 7(a) < 0. (3.3)
a>0

If two synthetic games acquire 1,000 users daily but have Lsg equal to 1.4 and 3.1, their within-
horizon activity contributions approach 1,400 and 3,100 DAU. Doubling advertising for the first
does not improve its return kernel.

3.2 A sensitivity decomposition

When a quality parameter ¢ changes both acquisition and repeat play,

OE[Dy] Ore(t —c) 0A.
= A, + re(t — c). 3.4
94 ; a4 ; 94 (t—c) (3.4)

The first term concerns players already acquired; the second concerns changed reach. A before-
and-after DAU increase mixes both. Randomized onboarding treatment with shared acquisition
conditions isolates a more defensible portion of the first effect.

The convolution also has capacity limits. More players can improve social matching, then
worsen latency or overcrowd encounters. Write

Tc(a) = r(a; Xc:c-i—m Zc) (35)

when the experienced population path influences return behavior. A linear extrapolation from
a tiny test then becomes a local approximation, not a scaling law.
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3.3 DAU and concurrency

Let v be sessions per active player per day and ¢ pooled average session minutes. Average
concurrency follows the player-minute identity

Dv?¢
1440°

It estimates time-average CCU, not peak CCU. Compatible session boundaries and weights
are required. Little’s law supplies the corresponding arrival-rate-times-duration relation [4]. A
synthetic game with 10,000 DAU, 1.1 sessions per user, and three-minute sessions averages
roughly 23 concurrent players. Large reach can therefore coexist with low visible population.

Peak concurrency additionally depends on time-of-day synchronization. A global audience
spread across time zones produces a different peak-to-average ratio from a school-age audience
concentrated in one region. Multiplying average CCU by an arbitrary constant to claim peak
demand conceals this uncertainty.

C

%

(3.6)

3.4 The tail after paid acquisition stops
If paid acquisition ends at tg, earlier cohorts remain:

aid cohorts ai
E[DPRG, 2] =~ APt + h — o). (3.7)
c<tg

This justifies allowing results to mature after spending stops. Organic arrivals and prior-player
returns remain separate labels. Otherwise the analyst may credit the entire remaining population
to the final campaign.

A stopping decision therefore has two clocks: the last delivery time and the observation hori-
zon. The first ends new exposure; the second determines which cohort outcomes are observable.
Waiting for evidence does not require purchasing additional traffic.

Practical implication. Forecast an interval of plausible tails using several kernels. If optimistic
and pessimistic tails imply different decisions, the next step is to reduce uncertainty about return
behavior, not to extrapolate the most optimistic curve.

4 Multistate dynamics: departure is not permanent churn

Continuous survival describes an uninterrupted first session. It cannot by itself describe leaving
today and returning tomorrow. Introduce states A (active), D (dormant but reachable), and C
(effectively lost within the planning horizon). Lost is an operational category, not a claim that
someone can never return.

For a continuous-time illustration, let a row vector p(a) evolve as

p'(a) =p(a)Q(a),  p(0) =(1,0,0), (4.1)
with generator
—(a+X) o X
Q= B —B+7) v]- (4.2)
0 0 0

All rates have units inverse time. « describes active-to-dormant transition, 3 reactivation, and
X, 7y exit into the lost state. For constant @, p(a) = p(0)e??. For time-varying @, the transition
operator is time ordered: el @ is generally incorrect because generators need not commute.
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4.1 Age and calendar time

Let n(a,t,z) be an expected cohort-state vector. Aging and state transitions combine in

On + Ogn = nQ(a,t, z;uy), (4.3)
n(0,t,2) = A.(t)e).

Instantaneous active occupancy is . f na(a,t,z)da. Daily dashboard activity instead means
playing at least once during a day. A model-fitting procedure must map the two definitions
rather than identify them by notation.

A discrete daily model is often easier:

T
Na4+1,t+1,2 = na,t,ZPaﬂf,z; not,z = At,zeA‘ (45)

P is row stochastic. Estimating each entry independently can yield negative probabilities or row
sums above one. Multinomial-logit parameterization enforces feasibility:

- exp(nij)
5= 5 exp(ne) (46)

4.2 Updates intervene on different transitions

An update can increase reactivation (3, reduce active departure «, or worsen effective loss y if it
breaks saved progression. A notification click surge primarily informs reach and return; it does
not establish improved persistence after return.

Suppose an update at t; moves fraction pg of dormant players into activity:

na(t)) =nalty) + prnp(ty), (4.7)
nD(t,':) =(1-— pk)TLD(t]:). (4.8)

Player mass is conserved. Counting this reactivated mass as new acquisition would overstate
acquisition efficiency.

Proposition 4.1 (A pulse is not a kernel improvement). If the update changes only the one-time
Jump p and leaves subsequent Q@ unchanged, the incremental state vector after elapsed time s is

An(s) = an(t;)(eX —e}))e%s. (4.9)

Proof. The initial displacement reallocates dormant mass. Both post-jump trajectories follow

the same linear differential equation; their difference follows its homogeneous transition operator.
O

A large initial event lift may therefore decay without improving the underlying game. The
relevant test is whether post-return transitions changed, not whether launch-day activity spiked.

4.3 Heterogeneity and apparent loyalty

A latent-class mixture has

r(a) = Zwkrk(a), wy > 0, Zwk = 1. (4.10)
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A slowing departure rate can arise because low-interest players leave early, selecting more inter-
ested survivors. It need not imply that the experience improves with time. Source, language,
device, and social-party variables should be considered before fitting elaborate hidden classes.

There is also a practical identifiability limit. If telemetry records only daily joins, several
combinations of «, 3,7, x can fit the same curve. Additional events, explicit dormant definitions,
or simpler models are required. Advanced mathematics cannot manufacture information absent
from the observations.

Practical implication. Choose the smallest state model that changes a decision. A careful table
separating new, returning, and reactivated cohorts is preferable to an unidentifiable generator
with many free parameters.

5 First-session survival and the calculus of friction

Let T be uninterrupted first-session duration. Define survival S(t) = Pr(T > t), density f(t)
when one exists, and hazard
Prt<T <t+A|T>t) f(t)

h(t) = lAi% A = S@)" (5.1)

The hazard has units departures per surviving player-minute. It is not the fraction of all new
users who leave in minute ¢. The relation

S(t) = exp(— /O t h(s) ds) (5.2)

follows from S’ = —hS. A five-minute survival statistic identifies the cumulative hazard through
five minutes, not the shape of A within that interval.

5.1 Why one retention point is insufficient

If S(5) = 0.1243, the average cumulative-hazard rate over that interval is —log(0.1243)/5 ~
0.417 per minute. A constant hazard is one compatible model. Another places most departures
at loading or spawn. A third places them at a first loss. Each produces the same endpoint with
different development implications.

The restricted mean session time is

RMST(H) = E[min(T, H)] = / ! S(t) dt. (5.3)
0

It avoids extrapolating an unobserved long tail and is often a more useful experimental endpoint
than an unstable unbounded mean. Users still playing at the data cutoff are right censored; they
are not zero-duration departures.

Kaplan—Meier estimation accommodates right censoring under an appropriate independent-
censoring condition [2]. At event times t;, with d; departures among n; at risk,

S(t) = t}l(l - Zj) (5.4)

If telemetry loss is more likely on crashing devices, censoring may be informative. A mathemat-
ically correct estimator with a false censoring assumption remains biased.
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5.2 Where a hazard reduction has value

Let a retained minute at time ¢ contribute nonnegative value weight v(t), and define

H
VI = / o(t)Sn(t) dt. (5.5)
0
For a small perturbation h. = h + en, differentiation and Fubini’s theorem give

dV[h]
de

- _/OHU(t)Sh(t) /Otn(s) ds dt (5.6)
= —/OH n(s) [/SHU(t)Sh(t) dt] ds. (5.7)

Thus the functional derivative is

H
_ - / w(£)Sh(t) dt. (5.8)

Reducing hazard early preserves access to every downstream opportunity. This is a conditional
model result: an intervention may also change player value v, later hazards, or the audience. A
forced tutorial might reduce confusion while adding delay. Both effects belong in the evaluation.

5.3 Competing departure mechanisms

Write a cause-specific decomposition

h(t) = htechnical(t) + hconfusion (t) + hmismatch (t) + hsocial(t) + hvoluntary (t) (59)

The decomposition is conceptual unless exit causes are observed reliably. A client error followed
by departure is not proof of a technical cause; both may result from an overloaded encounter.
Randomized fixes, device-stratified analysis, and reproduction provide stronger evidence.

A proportional-hazards model can relate measured covariates = to hazard:

h(t | z) = ho(t) exp(z ' ). (5.10)

This standard Cox form [3] assumes proportionality over time. A mobile loading problem and
a late-round balance problem may violate that assumption. Time-varying effects or separate
phases may be more interpretable than a single hazard ratio.

Practical implication. Instrument loading complete, first control, first meaningful action, first
reward, first loss, and first successful loop. Optimize the largest reproducible failure in that
sequence while checking that a longer session still contains meaningful play.

6 Onboarding as information acquisition, not instruction volume

A player joins with uncertainty about controls, goals, danger, progression, and the promise made
by the thumbnail. Onboarding should resolve the uncertainty necessary for the next meaningful
action. Explaining the entire game before action can create a larger barrier than the uncertainty
it removes.
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Let ©; represent a player’s uncertain understanding of a mechanic. A useful interaction
supplies observation O, reducing posterior uncertainty:

IG = H(©;) —Eo[H(0; | 0)], (6.1)

where H denotes entropy. This is a design model, not a directly observable mental quantity. In
practice, successful unaided actions, help requests, and repeated control errors provide proxies.

6.1 Instruction has an opportunity cost

Suppose instruction time is x, comprehension probability is ¢(x), and survival through instruc-
tion is s(z). The probability of reaching a comprehended first action is

q(x) = s(x) e(x). (6.2)

At an interior optimum,

d(z) _ §'(z)

o(xr) — s(a)

The marginal proportional comprehension gain equals the marginal proportional survival loss.
More instruction is not automatically better.

For a synthetic example, take c(z) = 1 —e~%® and s(z) = e~"* with h, k > 0. Differentiation

yields
. 1 k
x* = klog(l + h) . (6.4)

This result does not prescribe a universal tutorial length. It explains why the optimal amount
depends on both learning speed and departure risk. A mechanic already familiar to the audience
needs less explicit explanation than an unfamiliar interaction.

(6.3)

6.2 Action and explanation can be interleaved

A linear tutorial with stages 1,...,m has completion probability
m
Gcomplete — H q;- (65)
j=1

Even moderately high stage success compounds into substantial loss. Conditional stage conver-
sion ¢; must be measured among those reaching stage j, not all joining players.

An alternative presents the smallest complete loop early and teaches advanced features when
relevant. This changes the graph of dependencies. If stage 4 is optional for the first reward,
it should not be a required predecessor in the onboarding funnel. A directed acyclic graph of
prerequisites makes this explicit.

Let G = (V, E) encode required dependencies, and T, the time to complete node v. The
earliest achievable first-loop completion time satisfies a critical-path recursion:

C,=T,+ max C,. (6.6)
u:(u,v)EE

Removing a node outside the critical path may improve visual simplicity without changing time
to first loop. Removing a critical mandatory step can change that time immediately.

10
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6.3 Promise alignment

The acquisition creative creates an expectation e;, while the opening experience supplies realized
signals x;. A mismatch index could be

m; = (ei - lEi)TW(ei — :L‘Z'), W > 0. (67)

This is a hypothetical latent construct. It suggests a measurable experiment: hold the opening
fixed, vary accurately differentiated creatives, and compare first-action and five-minute outcomes.
A high-CTR creative that attracts a mismatched audience may lower downstream conversion.

The best creative may therefore be the one producing the most satisfied qualified players
per dollar, rather than the most clicks per impression. Testing the thumbnail and onboarding
together can reveal an interaction that separate tests miss.

6.4 A teachability experiment

Randomize eligible new users between a brief action-first opening and the existing opening. Keep
the promised mechanic, matchmaking conditions, and reward values consistent. Predeclare first-
loop completion within a time limit, restricted mean first-session time, D1, and critical-error
guardrails.

Record skip behavior as an outcome, not as random assignment. Players who voluntarily
skip differ from those who do not. Comparing those groups directly does not identify the causal
effect of skipping. Assignment to a skip-enabled design supports an intention-to-treat contrast.

Practical implication. Give players a successful use of the core mechanic before demanding mem-
orization. An onboarding improvement is established by improved action and return outcomes,
not by the amount of text removed.

7 Challenge, progression, and the geometry of meaningful choices

A core loop creates decisions whose outcomes a player can understand and influence. Progression
changes future possibilities. When progression only scales numbers without changing decisions,
content exhaustion can occur long before the final upgrade is purchased.

Let player skill be s and challenge difficulty d. A simple synthetic success model is

. L fs—dY 1
Pwin(s, d) = 51gmo1d( . ) R ar—y (7.1)

7 > (0 represents outcome noise or softness of the skill boundary. This is not a measured law of
Roblox behavior. It supplies a tunable language for discussing difficulty and player segmentation.

7.1 Challenge utility is not win probability alone
An illustrative encounter value is
U(S, d) = Rpwin(37 d) - Ctime(d) + "ipvvin(1 - pwin)- (72)

The last term rewards uncertain but achievable outcomes. Its coefficient is a preference as-
sumption, not a universal psychological constant. Some players prefer mastery; others prefer
predictable collection. A single target win rate across all modes ignores these differences.
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Learning can be modeled locally by

Sp+1 = Sn + n¢(8n7 dn) + €n, (73)

where ¢ measures useful practice. If trivial challenges produce little learning and impossible
challenges produce repeated confusion, an adaptive difficulty policy should seek informative
practice rather than merely maximize immediate wins.

7.2 Upgrade pacing

Suppose upgrade k costs Ci currency and current earning rate is yi. Ignoring stochasticity, its
time cost is

C
Ty, = yf (7.4)
For geometric curves Cj, = Coa®, yi, = yob”,
Co ra\k
T, = yT? (g) . (7.5)

The ratio a/b controls pacing. When a > b, waits grow exponentially. When a < b, upgrades
accelerate, potentially exhausting progression. A visually modest change in either multiplier can
substantially alter late-game pacing.

In continuous progression level x, let & = y(x)/C(z). The time to move from z( to z is

“ C(x)
v Y(T)

T(xo,x1) = dz. (7.6)

Designing a target pacing function 7”(x) implies C(z)/y(x) = T’(x). This reverses the usual
workflow: specify the intended rhythm first, then choose costs and yields consistent with it.

7.3 Risk and reward in a chase-and-collect loop

Consider a player choosing whether to take one more resource before returning to safety. Let
carried value be v, extra reward r, survival probability for the extra action and escape be p, and
loss cost be £. Compared with banking v, the extra action is worthwhile under a risk-neutral
model when

p(v+7r)—(1—p)l>wv, (7.7)

or

1—p
r>— (v+0). (7.8)

A meaningful decision requires both sides to be plausible for some player states. If the inequality
is always satisfied, there is no real banking decision. If never satisfied, the extra action is
decorative.

For risk-averse players with utility u, compare

pu(v+7r)+ (1 —p)u(—¢) with wu(v). (7.9)

The design should provide understandable signals about risk and an opportunity to bank. It
should not require hidden loss probabilities to create tension.

12
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Figure 2. Synthetic pacing under geometric cost and earning curves, with initial upgrade time 0.5 min-
utes. The ratio of cost growth to earning growth is 1.15 (heavy black line), 1.00 (thin black line) or 0.95
(gray line). On the logarithmic vertical axis each geometric schedule is a straight line, so the slope reads
directly as the compounding rate.

7.4 Horizontal depth and state diversity

Let S be meaningful encounter states and 7(s) their experienced distribution. The effective
state diversity

Negr = exp [— Z 7(s)log 77(3)] (7.10)
seES
can be much smaller than the number of theoretically possible combinations. If one tool domi-
nates every situation, adding ten inferior tools barely changes experienced diversity.
A useful update adds viable decisions or interactions. Merely adding larger numbers can
increase completion time without increasing depth. Track tool choice, route choice, encounter
resolution, and repeat behavior to see which of these actually changed.

Practical implication. Design progression around new choices and a readable cadence. Use
cost curves to control time, and encounter variation to control depth; do not assume they are
interchangeable.

8 Technical reliability as an endogenous retention constraint

Technical reliability changes the experience being measured. A compelling mechanic behind a
failed load is not experienced as compelling. A purchase that prompts successfully but fails
to deliver changes both revenue and trust. Reliability therefore belongs inside the behavioral
model.

Let gioaq be successful arrival, gaction the conditional probability of a working first action,
and gpersist reliable persistence of earned progress. An illustrative complete-loop probability is

Qloop = Gload Gaction Gpersist ddesign- (81)
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The factors need conditional definitions; unconditional probabilities cannot simply be multiplied.
This representation highlights complementarity: improving design has little realized value for
users who never pass the loading stage.

8.1 Tail performance, not average performance

Let F' be frame time in milliseconds. Average FPS is not the inverse of average frame time in
general:

E[1000/F] # 1000/E[F). (8.2)

Intermittent stalls matter even when a mean looks acceptable. Report frame-time quantiles,
join-time quantiles, crash counts with exposure, and device-specific distributions. Roblox’s
optimization guidance emphasizes frame rate, memory, and loading, and advises real-device
testing [19, 20].

A low FPS percentile is not an average across all players. Comparing a P10 FPS card with
a mean FPS target mixes estimands. Likewise, an error count is not the number of affected
players: one broken loop can emit thousands of repeated warnings.

8.2 A queueing model of request pressure

For illustration only, consider an M/M/1 queue with arrival rate A and service rate p > \. Its

mean time in system is
1
W=—— =\ . 8.3
U /1 (8.3)
This is not a claim that Roblox data stores implement M/M/1. It is a useful stress model
showing nonlinear sensitivity near saturation:

oW 1
Ty (8.4)

At high utilization, a small request increase can produce a large waiting increase. Retry loops
can worsen the effective arrival rate. If each failed attempt triggers an independent retry with
probability r, a crude branching approximation gives

N
Aeffective = Orlglnal’ r <1 (85)

1—r

A robust system must bound retries and distinguish transient errors from permanent failures.
Actual Roblox budgets and limits must come from the current platform documentation, not this
illustrative queue [21].

8.3 Reliability-adjusted economics

Suppose the expected retained value of an acquired user conditional on a reliable first loop is L,
while unreliable experience yields Ly. With success probability g,

L=qL+ (1-q)Ly. (8.6)

An engineering change increasing ¢ by Ag changes expected value per acquisition by (L — L¢)Ag.
That can justify a reliability fix even when the fix adds no visible feature. The quantities still
need estimation; the formula alone does not establish a monetary return.
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Figure 3. Illustrative M/M/1 sensitivity with service rate 100 requests per second. The curve is
W = 1/[pu(1 — p)]; leader lines mark the three utilizations quoted in the text. This is a queueing stress
example, not a measured Roblox service limit.

8.4 Error prioritization

A useful priority score considers frequency, exposed users, severity, and reproducibility:

P; = Pr(user exposed to error j)E[loss | exposure j] (8.7)
x Pr(fix addresses cause | evidence). '

Raw log count is an imperfect proxy for the first term and says little about the others. A
once-per-purchase receipt failure can matter more than a repeated harmless visual warning.

8.5 A reliability experiment

Deploy a narrowly scoped fix with version tagging. Compare crash-free sessions, successful first
loops, persistence verification, and retention across eligible randomized servers where feasible.
Confirm that error reductions are not caused by logging removal. For a save change, test earn,
disconnect, rejoin, and entitlement reconciliation under load. For a combat change, reproduce
object deletion and late-arriving effects.

Practical implication. Treat performance and correctness as measurable product features. Inves-
tigate high-impact errors before buying more exposure, and never interpret a falling log count
as proof of improved player outcomes without checking the underlying operation.

9 Social play, network effects, and interference

A social game is not a set of independent single-player sessions. Friends affect who joins, whether
a server feels alive, what counts as a memorable event, and whether players return together.
These effects make community value nonlinear and complicate causal experiments.
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Represent potential social connections by adjacency matrix G. For player ¢, a hypothetical
return model is

Pr(Y 41 = 1| F) = sigmoid | a; + b xi + 172 GijYje — Cwir | (9.1)
J

where w;; is waiting or coordination cost. The coefficient 7 is not identified by correlation
between friends’ play: shared preferences, common schedules, and external communication are
confounders.

9.1 A branching approximation

Suppose an active player causes an expected k invitations, invitation acceptance is p, and fraction
q of accepted users have a meaningful first session. The initial secondary-acquisition factor is

Rinvite = /‘?PQ- (92)

If descendants behave similarly and there is no overlap or saturation, an initial seed produces
expected total reach 1/(1 — Rinvite) when Rinvite < 1. This is a branching approximation. In
real networks, invitations overlap, friends are finite, and acceptance varies. An estimate above
one does not prove unlimited growth.

The correct numerator is incremental accepted qualified users, not invitation prompts dis-
played. Repeatedly prompting the same person can increase event counts while worsening player
experience. Logging distinct invite recipients and acceptance paths prevents this accounting er-
TOr.

9.2 Co-play can improve value without adding users

Even when an invitation produces no new account for the game, coordinating existing players
can raise return probability or reduce empty-server waiting. Let U(n) be encounter value at
population n. A simple local model is

U(n) =a(l— e*"/k) — bn?, (9.3)

with positive a, k,b. The first term models the benefit of enough participants; the second models
congestion, confusion, or excessive competition. Its derivative

U'(n) = %e_”/k —2bn (9.4)
can change sign. More players per server is not always better. Matchmaking and server size
should support the intended interaction, rather than maximize a population counter.

Roblox’s matchmaking documentation describes server selection using player and server char-
acteristics [22]. This manuscript does not assume access to or control over the platform’s entire
matching algorithm. It treats game-level party handling, mode choice, and encounter capacity
as design levers.
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9.3 Self-excitation as an update hypothesis

A Hawkes-style intensity model [5] can describe event clustering:

A(t) = p(t) + ) ke (=), (9.5)

t;<t

Here an observed return or social event increases short-run event intensity. The branching ratio
is k/w in the scalar model; stationarity requires it below one under standard assumptions. A
launch spike driven by a shared external cause can resemble self-excitation. Fitting this equation
to aggregated joins does not establish that players caused one another’s returns.

A more interpretable experiment randomizes a coordination feature at server or party level
and measures group return. The measured lift then concerns the feature under that assignment
scheme, not a universal network coefficient.

9.4 Interference changes the estimand

With social spillovers, outcomes depend on the assignment vector:
Y; =Yi(Z;, Z). (9.6)

A player-level A /B test can contaminate itself when friends experience different rules. Server ran-
domization reduces some contamination but may introduce different server populations. Cluster
randomization at party or server level should be selected around the actual interaction boundary.

Report direct effects and, where identifiable, spillover effects separately. A feature may
benefit treated players partly by shifting costs onto untreated players. Server-wide balance
changes especially require attention to total encounter quality.

Practical tmplication. Build reasons to coordinate, not just reasons to invite. Measure whether
social features create better sessions and repeat co-play, and randomize at a unit that respects
how players interact.

10 Economy conservation, inflation, and progression integrity

An in-game economy is a flow system. Currency is created, held, spent, transferred, or removed.
If measurements do not reconcile these flows, balancing changes can be based on fictional scarcity
or fictional abundance.
For player ¢, let wallet W; evolve according to earned sources F;, purchased grants P;, sinks
S;, and net transfers T;:
Wiis1 = Wit + By + Py — Siy + Tt (10.1)

For closed player-to-player transfers, >, Tj; = 0. Transfers redistribute currency; they do not
create it. Fees or burns are separate sinks. An item trade can transfer value without transferring
the game’s currency, so item stocks need their own ledger.

10.1 A stock-flow audit

Summing the wallet equation gives

AVVtotal = Etotal + Ptotal - Stotal + Texternal~ (102)
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An unexplained residual

€ledger = AVVobserved - (Elogged + ]Dlogged - Slogged + Texternal) (103)

may indicate missing logs, duplicates, resets, or a bug. It is not automatically an exploit.
The audit should reconcile event ordering, failed transactions, and delayed persistence before
assigning a cause.

Roblox economy events support analysis of sources, sinks, and balances; events should reflect
completed operations [17, 18]. The analytical ledger remains conceptually separate from the
authoritative transaction system. A telemetry event must not be used as the only proof that an
entitlement was granted.

10.2 Inflation needs a defined price index

A rising total wallet does not alone establish inflation. More players can hold more currency at
unchanged purchasing power. Define a basket of relevant items with prices p;; and fixed weights
wy:

 WiDjit
I, = M (10.4)
> WiPjo
If shop prices are fixed but earning rates rise, the more useful quantity may be time-price:
Ty = Dt (10.5)
Yi

where ¥, is an appropriate segment’s earning rate. An unchanged 1,000-coin upgrade can become
trivial when rewards increase tenfold. Different player segments require different ;.

10.3 A stable currency sink

A deterministic aggregate approximation is

W =s— kW, s, k> 0. (10.6)

Its solution is
W(t) = W*+ (W(0) - W*e ™, W*"=s/k (10.7)

The equilibrium is stable because a larger stock creates larger outflow. This does not imply that

proportional currency removal is desirable. The model explains a stability mechanism; actual

sinks should create understandable value, such as customization or optional horizontal goals.
When both sources and sinks depend on the stock,

W= f(W) — g(W), (10.8)

a local equilibrium W* is stable if f/(W*)—g¢'(W*) < 0. Multiplicative reward boosts can violate
this condition if earning growth outpaces meaningful spending opportunities.
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10.4 Item rarity and collection

If an independently earned item has probability p, expected attempts to first acquisition are
1/p, while
Pr(T >n)=(1-p)" (10.9)

An expectation conceals the tail. With p = 0.01, some players exceed several hundred attempts.
A fair design should consider high-percentile effort, duplicate handling, and deterministic alter-
natives rather than balancing only the mean.

For m equally likely distinct items, the classic coupon-collection expectation is

. (10.10)

x| =

E[T.n] =m Z
k=1

Unequal rarity makes completion slower and more uneven. Adding many collectible variants can
increase apparent content quantity while producing frustratingly low completion probability for
casual users.

10.5 Progress preservation

An update changing item strength, sources, or costs also changes the meaning of prior effort. Let
vbefore and VAt bhe a declared measure of earned progression value. A preservation constraint
might require

V;after > n‘/;before (1011)

for a studio-chosen 7. This is a design commitment, not a financial valuation. It encourages
migration plans and communication before rebalancing invalidates months of player effort.

Practical implication. Balance sources, sinks, time-prices, and collection tails together. A stable
economy should sustain meaningful choices without relying on hidden devaluation or endlessly
lengthened waits.

11 Monetization as retained value under uncertainty

Monetization begins with a reliable and valued experience, but engagement does not guarantee
purchases. A model must distinguish the probability of paying, the amount paid conditional on
paying, refunds or adjustments, delivery correctness, and non-purchase reward streams.
For a cohort and declared horizon, define payer indicator Z; and positive spend V; conditional
on payment. Then
Ri = ZZ‘VZ‘, E[RZ] = Ppay E[‘/z ‘ Zi = 1]. (11.1)

The right side is payer conversion times average revenue per payer under matching units and
windows. Mixing a daily payer-conversion card with lifetime ARPPU produces an invalid prod-
uct.

11.1 Heavy tails and small payer counts

Revenue is often concentrated. In a zero-inflated model,

Var(R) = pVar(V | Z = 1) + p(1 — p){E[V | Z = 1]}2. (11.2)
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A small number of unusually large purchases can dominate uncertainty. A large sample of
non-payers does not make conditional spend well estimated when only a handful paid.

Report payer counts, spend distribution, median among payers, upper quantiles where sup-
ported, and cohort revenue per acquired user. A bootstrap should resample the assignment unit,
preserving a player’s purchases together. Resampling individual transactions treats repeated
purchases by the same player as independent and can understate uncertainty.

11.2 Discounted cohort value

Let r(a) be probability of activity on day a, m(a) expected net receipts conditional on activity,
and o(a) expected operating cost conditional on activity. In a common accounting unit,

L=Y 6"(a){m(a) - o(a)}. (11.3)

a>0

When monetization depends on purchase history, this factorization must use the appropriate
joint expectation rather than multiply unrelated averages. A more general expression is

L= 6°E[Ria — Oidl- (11.4)
a>0

Creator Rewards [28], purchases, and other receipts belong in separately labelled components
with their own timing and eligibility. Robux receipts should remain in Robux unless a declared,
relevant conversion is applied.

11.3 Pricing and retention externalities

Suppose item demand probability is ¢(p) at price p, and net unit receipts are n(p). Immediate
expected receipts are n(p)q(p). If n(p) = ap, a differentiable interior optimum satisfies

a(p) +pd'(p) =0, (11.5)

equivalently unit price elasticity. This textbook condition is incomplete when pricing changes
future activity:

dL or(a;p) om(a;p)

— = 0 | —=~m(a;p) +r(a;p) ——4| . 11.6

= 20 | T mian) +rta) T (11.6)
An expensive competitive advantage can raise short-run receipts while reducing fair encounters
and future player-days. The optimal-price calculation must include that externality or impose
a fairness constraint.

11.4 A product is a promise of delivered value

A purchase funnel should distinguish shop exposure, product selection, prompt, completed pay-
ment, receipt handling, entitlement delivery, and entitlement persistence. Developer-product
receipt handling is an explicit implementation responsibility [23]. A purchase button working
visually does not establish the final stages.

The product’s description should match delivered behavior. Optional cosmetics, expression,
customization, and understandable convenience can create value without making non-paying
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players’ core experience intentionally defective. This manuscript does not optimize for compul-
sive purchasing or concealment.

Paid randomized outcomes require current eligibility handling and numerical outcome dis-
closures under Roblox’s documented rules [24]. Those restrictions are product constraints. A
formula for expected rarity is not a justification for offering an ineligible transaction.

11.5 Break-even is a distribution, not one number

If acquisition cost per user is ¢, the relevant decision is not merely whether L > c. Under
uncertainty, one can require
Pr(L>¢|D)>1—-« (11.7)

or compare a lower confidence bound with marginal acquisition cost. This is a studio risk rule,
not investment advice or a universal threshold. At an early launch, mature L may be mostly
unidentified; a sensitivity range is more honest than a precise lifetime estimate.

Practical implication. Resolve purchase reliability, then measure conversion and delivered value
by mature cohort. Avoid comparing all historical revenue with only recent advertising spend.

12 Advertising, creative selection, and marginal acquisition

A campaign moves players through several stages: impression, click, arrival, meaningful action,
repeat play, and possible purchase. A creative can win one stage while losing the next. The
acquisition objective must reflect the desired downstream outcome.

With impressions I, clicks C, qualified new arrivals A, and retained users R under compatible
definitions,

Cclick = C/I, Garrival = A/07 Qretain = R/Aa (121)
R
7 = Cclick Garrival Qretain- (122)

This factorization is an identity only for consistently nested counts. Ads Manager plays, unique
acquired users, and dashboard retention cohorts may not be nested in this way. Do not force
them into one funnel when attribution windows differ.

12.1 A retained-player objective

For creative j with spend b; and expected qualified new users A;(b;), define

bj

CPRj g = —F—~—F- (12.3)
P Ay (by) i (H)
This cost per exact-day retained user differs from cost per player-day,
b
CPPD; g = (12.4)

A;(bj) i)

A lower CTR creative can win either metric if its audience is better matched. Neither metric
should be reported as mature before the relevant cohorts have enough follow-up.
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12.2 Marginal allocation

Suppose each qualified acquisition from creative j has expected net value L; in USD. Choose

max Z{LJA](b]) - bj}, ij < B. (12.5)
J J

b; >0

Under concave differentiable A;, the KKT condition for an active allocation is
LjA;-(bj) —1=Ag. (12.6)

Budget belongs where marginal value is highest, not necessarily where historical average CPP is
lowest. Auction saturation and audience fatigue can make average and marginal costs diverge.
For a synthetic response A4;(b) = a;(1 — e~Y/%i), an interior allocation satisfies

Lia;
b; =sjlog| ———~2— ), 12.7
s = slon( 1) (127)
with negative solutions replaced by zero. These parameters require estimation. The formula
does not imply that Roblox auctions follow this curve.

12.3 Testing genuinely distinct creatives

Two uploads of the same image are not two independent creative hypotheses. Track visual
identity, promise, focal action, composition, and audience. A useful creative matrix varies a
small number of clear hypotheses: social tension, immediate action, progression transformation,
or a readable risk-reward moment.

Do not change title, onboarding, price, audience, and creative simultaneously and then assign
all improvement to the thumbnail. A factorial design can estimate interactions, but requires
enough sample in each cell and consistent downstream tracking.

The selection process itself creates winner’s curse. If many noisy creatives are tested, the
best observed CTR tends to overstate its true rate. Reserve a fresh confirmation sample or use
hierarchical shrinkage before assigning the entire budget.

12.4 Stopping and delayed reporting

Roblox documents delayed play and earnings reporting, with data potentially taking 48 hours
to appear and attributed activity extending up to 30 days [15]. Those are reporting properties,
not proof that continuing ad delivery is required.

If a monitoring process checks spending every A hours and delivery rate is bounded by b
dollars per hour, exposure to unobserved additional spend can be as large as

bA + €reporting- (12.8)

Without a reporting-error bound, polling is not a hard spending cap. A campaign stop threshold
should reflect the actual control mechanism rather than an assumed billing increment.

Daily and lifetime budgets solve different scheduling problems. Neither is universally more
efficient. Compare delivered cohorts and outcomes under matched conditions; do not infer
superiority from the budget label alone.

Practical implication. Pay for a declared learning objective or a defensible marginal return. Once
the useful contrast is measured, stop new exposure and let existing cohorts mature.
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13 Discovery as an uncertain distribution response

Organic distribution is not a deterministic prize for crossing a universal KPI threshold. It is
an allocation process matching games to users while other games, audiences, and the platform
itself change. A studio observes impressions and resulting behavior, not the complete ranking
function.

The current Roblox discovery documentation separates retrieval from ranking and distin-
guishes users first acquired through Home recommendations from users first acquired else-
where [13, 14]. Paid traffic may help consideration for retrieval, but its engagement must not be
substituted for the Home-acquired cohort’s ranking signals. The documentation also presents
per-user engagement and return measures; it does not publish a complete coefficient vector
allowing creators to calculate rank.

13.1 A reduced-form response model

Let g; be a vector of measured Home-cohort outcomes, m; market context, and I;"® organic
impressions. A reduced-form planning model is

I8 = W@(Qt—e;t, m, ftorg) + €41- (13.1)

The lag window permits delayed evaluation. Wy is unknown. A linear regression may describe
a local association without identifying the platform’s causal decision rule.

If a design intervention u changes both organic response and player behavior, expected future
value contains

dJ_os os ov g

du  Ou  0I°8 Oq Ou’
The second term is a possible distribution feedback. Its sign and magnitude cannot be assumed.
A robust budget should remain viable under a conservative organic-growth scenario.

(13.2)

13.2 Explore, expand, and audience composition

An initial audience may be unusually well matched. As impressions expand, average conversion
can decline because the distribution of users changes. Let z index audience segments:

qt = szt qzt- (13.3)

A falling aggregate can result from changing weights w,; even if every within-segment outcome
is stable. Conversely, narrowing delivery can improve aggregate rates without improving the
product.

A useful decomposition between two times is

@—Go=Y (W —ws0) G0+ Y waa(ge1 — o) (13.4)

z z

The first term is composition change; the second is within-segment change. Other valid decom-
positions allocate the interaction differently, so the convention should be reported.
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13.3 No universal threshold theorem

A rule such as reaching a particular D1 percentage to guarantee discovery requires evidence that
the platform uses that cutoff consistently across games and time. This manuscript has no such
evidence. Genre, audience, available alternatives, device experience, and cohort source matter.

Benchmark scorecards can identify areas for investigation, but they are not published causal
ranking formulas [10]. A studio should compare relevant cohorts and historical changes rather
than optimize a fictional hidden score.

The useful target is player response under the actual exposure distribution. If a feature
improves measured first-session experience and repeat play, that is valuable even when organic
reach remains unchanged. If reach grows without retained value, the studio should not mistake
distribution for a solved product.

13.4 Testing distribution hypotheses

A single before-and-after release is confounded by seasonality and competing events. Where
possible, separate a gameplay experiment from a later packaging change. Track organic new co-
horts, paid new cohorts, and returning users independently. Preserve the exact date of exposure
and the version players actually experienced.

A synthetic control or difference-in-differences comparison can help when no randomization
is possible, but only with credible comparison trajectories. An arbitrary popular game is not a
valid control merely because it shares a genre. Parallel pretrends, common external conditions,
and absence of spillovers require scrutiny.

Practical implication. Improve the game for observed users, then measure whether distribution
responds. Do not budget as if an unverified algorithmic multiplier were guaranteed.

14 Causal experiments for games with changing audiences

A feature is useful if it improves relevant outcomes compared with what would otherwise have
happened. The counterfactual is difficult because the same player cannot simultaneously expe-
rience two openings, two economies, or two match rules.

Let Z; € {0,1} be randomized assignment and Y;(z) the potential outcome. The average
treatment effect for the eligible population is

T =E[Y;i(1) - Yi(0)]. (14.1)

Standard potential-outcome reasoning [1] supports identification when assignment is imple-
mented as intended, outcomes are measured comparably, and the chosen unit adequately handles
interference.

14.1 Assignment, exposure, and compliance

An intention-to-treat estimate compares assigned groups:
1 1
TITT = — Y, — — Y. 14.2
ITT n Z % o Z A ( )
Z;=1 Z;=0

It remains interpretable when some assigned players do not reach the feature. Restricting
analysis to those who used it conditions on a post-treatment event and can introduce selection
bias.
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A trigger-based experiment may enroll a player at the moment a predeclared condition occurs.
The trigger must occur before assignment or be unaffected by it. A shop test triggered by shop
opening is legitimate if assignment has not already changed whether the player opens the shop.

Record assignment persistently. Re-randomizing each join can expose the same player to
conflicting progression rules, contaminate outcomes, and change the estimand from a stable
product variant to a sequence of variants.

14.2 Stratification

If device and source strongly predict outcomes, randomize within strata z and estimate
z

The weights w, should represent a declared target population. Reporting only favorable strata
after looking at results creates a multiple-testing problem. Prespecify important heterogeneity
contrasts and retain the aggregate effect.

A mobile improvement may be masked by desktop-heavy traffic. Conversely, a desktop
gain may not justify a rollout to a mobile-dominated launch. Stratification improves both
interpretability and, often, precision.

14.3 Sample size and minimum useful effect

For a rough two-arm binary-outcome calculation with equal group sizes,

_20(1 = P) (z1-a2 + 21-5)

Narm ~ A2 (144)

This normal approximation assumes independent units and a fixed planned analysis. It is a
planning aid, not an exact test. Detecting a change from 5% to 6% with conventional two-
sided 5% significance and 80% power requires approximately 8,160 users per arm under this
approximation.

The minimum detectable effect should be economically or experientially meaningful. If only
a tiny effect justifies the development cost, a small launch test may not resolve the decision.
Increasing the number of variants then makes the problem worse by splitting the sample.

For equal-size clusters of mean size m with intracluster correlation p, a rough design effect
is

DE=1+ (m—1)p. (14.5)

Multiply the independent-unit sample estimate by this factor as a first approximation. Actual
uneven cluster sizes and time dependence require better analysis.

14.4 Guardrails and stopping rules

Choose one primary estimand, a small set of guardrails, and a fixed or valid sequential decision
rule. Relevant guardrails include critical failures, purchase delivery, fairness, and device-specific
degradation. A session-time increase caused by a longer unskippable wait should not be accepted
as improved engagement.

Prespecify what ends the test: a sample size, follow-up horizon, maximum duration, safety
failure, or statistically valid boundary. Repeatedly checking ordinary confidence intervals and
stopping at the first favorable result inflates false discoveries.
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Figure 4. Two synthetic Beta posteriors with the same mean, 2 percent, and different concentration:
Beta(20, 980) (heavy black line) and Beta(2, 98) (gray line). The curves illustrate uncertainty, not
observed conversion rates for a game.

14.5 Interference-aware release units

Balance changes within shared rounds often require server-level assignment. Social coordination
features may require party-level assignment. Switchback designs alternate treatment by time
blocks but must account for carryover, weekday effects, and shared persistent economies.

Practical implication. A good experiment makes one consequential uncertainty smaller. It need
not test every feature simultaneously, and it should not be judged by whether it produces a
favorable headline.

15 Statistical inference, shrinkage, and sequential decisions

A point estimate is a compressed summary of uncertainty. At small counts it can be misleading:
zero observed payers is not proof of zero payer probability, and a high D1 estimate from a tiny
cohort can be mostly noise.

For k successes in n independent Bernoulli trials, likelihood is

L(p) oc p*(1 = p)" ", (15.1)
With Beta(a, b) prior, the posterior is

a+k

p|D~Beta(a+k btn—k), Elp|D=_—7-—.

(15.2)

The prior should be declared and sensitivity checked. A credible interval is conditional on the
prior and model; it is not automatically a frequentist confidence interval.
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15.1 A score interval for a binary rate

The Wilson interval uses

p+22/(2n) + 2/P(1 — p)/n + 2*/(4n*)

1+ 22/n (15:3)

It behaves better near boundaries than the naive Wald interval. Independence, a well-defined
denominator, and adequate follow-up remain necessary. Reporting an interval for an unmatured
cohort does not repair its missing future outcomes.

If £ = 0, the approximate one-sided 95% upper bound is about 3/n for moderate n, from
(1 —p)™ = e ™. A zero count in 300 users is consistent with nontrivial rare conversion. The
approximation should not replace an exact calculation when precision matters.

15.2 Hierarchical partial pooling

For creatives j, a logistic random-effects model is
kj ~ Binomial(nj, p;), logit(p;) = p + ijB + uj, uj ~ N(0, o?). (15.4)

Sparse creatives shrink toward a shared distribution while well-measured creatives retain more
individual information. The model can reduce winner’s curse, but it can also overshrink genuinely
different populations if the hierarchy is inappropriate.

The design matrix should represent meaningful creative distinctions, not arbitrary filenames.
Source, date, placement, and audience covariates help describe comparability. They do not fully
eliminate nonrandom delivery bias.

15.3 An elementary time-uniform bound

For independent Bernoulli observations with common mean p, Hoeffding’s inequality gives

2

Pr(|p, — p| > €) < 272", (15.5)

Allocate error o, = a/[n(n + 1)], whose sum is «. Setting

- \/log (2n(n +1)/a) (15.6)

2n

and taking a union bound yields
Pr{vn>1:|p,—pl <e}>1-a. (15.7)

Clip the interval to [0,1]. This conservative construction is an explicit, valid alternative to
repeated fixed-time intervals under its stated assumptions. More efficient confidence-sequence
methods are developed by Howard and colleagues [6].

Adaptive assignment, clustered outcomes, and delayed rewards require corresponding mar-
tingale or design-aware methods; the simple IID bound does not automatically cover them. For
two independent arms, allocate error to both sequences and subtract their interval endpoints to
bound the difference.
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15.4 Off-policy evaluation

When a policy chooses action A; with known propensity e(4; | X;), inverse-propensity weighting
can estimate another policy’s value:

= 1 ﬂ'(Az ’ Xz)
Vipg(m) = — ——=Y;. 15.8

() n;e(Aini) ’ (15.8)
Overlap is essential. Tiny propensities create high variance; zero propensity makes the corre-
sponding action unidentifiable. Ads Manager typically does not expose every user-level delivery
propensity needed for this estimator, so it should not be applied to aggregate campaign rows as
if those inputs existed.

With a reward model m, the doubly robust form is

1

Vor(m) = EZ > wla | Xi)m(X;,a)
pba X (15.9)
e A

Dudik and colleagues develop this approach [7]. Cross-fitting helps avoid overfitting nuisance
estimates. Double robustness does not cure hidden confounding or absent support.

Practical tmplication. Use uncertainty to decide whether to act, wait, or run a sharper test. Do
not use a complex estimator when its required assignment or follow-up data do not exist.

16 Maturity, missingness, and delayed outcome accounting

A launch dataset is triangular. On extraction day T, a cohort arriving at ¢ has follow-up only
through age T' — c. Later outcomes are unavailable, not negative.
Let Yj.(a) be an outcome at cohort age a, and

Oic(a;T) =1{c+ a < T, event processed by T'}. (16.1)

A valid exact-day estimate uses cohorts with enough calendar follow-up and adequate processing
maturity. Dividing observed day-30 returns by all recent acquisitions implicitly treats future days
as failures.

16.1 A reporting-latency model

Let Fy(s) be the probability an event is processed within s time units. For events generated at
times t., expected observed count is

E[Nobserved (T)] = Y _ Pr(event e) Fy(T — t.). (16.2)

Recent events receive smaller observation probability. Nowcasting divides by or models this
probability, but it can be unstable when Fj is small or changes over time. A short waiting buffer
is often more defensible than a highly parameterized correction.

Roblox’s documented reporting delay is an operational reason to preserve successive snap-
shots [15]. A revised count can reflect verification or attribution processing, not newly purchased
exposure. Record both extraction time and the reported window.
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16.2 Missingness mechanisms

Missing completely at random, missing at random conditional on observed variables, and missing
not at random lead to different estimators. A device crash that prevents its own telemetry from
uploading is a plausible nonrandom missingness mechanism. The observed sessions can then
look healthier than the experienced sessions.

If observation propensity m; = Pr(O; = 1 | X;) is known or consistently estimated under
conditional ignorability, a weighted mean is

20T
NSO
This does not identify unobserved outcomes when missingness depends on unmeasured severity.
Sensitivity bounds should accompany strong assumptions.
For a binary outcome with n, observed successes k and n,, missing outcomes among n =
No + Ny, assumption-free bounds are

(16.3)

k k+ 1,
by idnm (16.4)
n n

Wide bounds accurately express missing information. Replacing missing values with zero pro-
duces one extreme, not an unbiased estimate.

16.3 Bounding immature value

Suppose per-user net daily receipts are bounded above by v and nonnegative. After observing
through age H, the unobserved discounted tail is bounded by
oo+
0§L—LH§17_5, 6 < 1. (16.5)

This bound may be very loose. If an additional defensible bound r(a) < Cr® holds with 0 <
r<l,
oC(6r)H+1

1—06r
The decay assumption must be validated or presented as a scenario. It is not legitimate to fit
an early decline and proclaim a fully known lifetime value.

L—Ly< (16.6)

16.4 A practical extraction calendar

Maintain an immediate operational snapshot, a processing-stable short-horizon snapshot, mature
D7 cohorts, and a final planned attribution-horizon snapshot. Preserve the same campaign
identifiers and cohort definitions throughout. Use custom date ranges covering the complete
launch when a rolling window would exclude its beginning.

A 28-day default window cannot fully represent a 30-day post-acquisition tail plus processing
time. At final extraction, record both the launch interval and follow-up interval explicitly. This
is not permission to select a flattering range; it is a requirement to cover all relevant exposure
and outcomes.

Practical implication. Freeze spending independently of the evidence clock. Let the existing play-
ers generate return and purchase outcomes, then extract with cohort age, processing maturity,
and complete launch coverage visible.
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17 Production capacity, technical debt, and the marginal feature

The studio’s scarce resource is not only advertising cash. Engineering attention, art capacity,
testing time, and the ability to maintain shipped systems constrain what can be sustained. A
feature creating future support work consumes capacity beyond its release week.

Let h; be effort allocated to improvement j and v;(h;) its expected contribution to a declared
objective. A local resource-allocation problem is

maXZvj(hj), Zhj < H. (17.1)
J J

h;>0

If each v; is concave and differentiable, active projects satisfy

vi(hj) = Ay (17.2)

Ag is the shadow value of an additional development hour under the model. A large visible
feature with low marginal value can be dominated by a small save-load fix.
17.1 Complementarity changes prioritization

Independent feature values are often false. If onboarding quality « and reliability y combine
multiplicatively,

Viz,y) = K(1—e %) (1—e %), (17.3)
then 52
14
= Kabe ™% > (. 17.4
920y abe >0 (17.4)

Improving one increases the value of the other. A roadmap ranked by isolated estimates misses
this interaction. Conversely, two cosmetic features competing for the same player attention can
have negative interaction.

A portfolio experiment should identify prerequisites. A polished upgrade screen cannot
demonstrate value when the preceding reward never saves. Shipping both together may be
operationally necessary, but the evidence should then concern the bundle rather than an invented
separate effect.

17.2 Technical debt as a state variable

Let d; denote maintenance burden. A simple dynamic is
dir1 = (1 —y)de +nfr — kmy, (17.5)

where f; is new feature throughput and m; maintenance effort. Enforce d; > 0 through a
nonnegative transition rule. Available future capacity might be Hfﬂemve = Hy — ¢(dy) with
increasing ¢.

The equation is a planning model. Its coefficients should be inferred from actual regres-
sions, incident time, and release delays. It explains why a rapid feature week can reduce later
throughput even when its immediate player response is favorable.

A feature’s net value should include maintenance:

‘/jnet _ Vplayer _ Cjbuild _ Z St—ti C]{rtlaintenance. (176)

J
t>t;
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Reusable tools may have modest first-release payoff but improve many future releases. Their
benefit belongs to the future workflow they enable, not to a vague claim that infrastructure
always pays for itself.

17.3 Dependencies and the critical path

If tasks form a directed acyclic graph, task finish times satisfy

Cj = dj + - max CZ (177)
i€pred(j)
The release date is the maximum finish time of required tasks. Adding an artist to a task outside
the critical path may not accelerate release. An uncertain integration task on the critical path
deserves early validation.

Stochastic durations require a distribution of release dates. Summing only average durations
understates risk when a release waits for the maximum of several uncertain tasks. A simple
Monte Carlo plan can expose this bottleneck without pretending to know exact future completion
times.

17.4 A staged production policy

Build the smallest testable loop, validate correctness, instrument its consequential steps, and test
player understanding. Only then expand content breadth. This is not a universal instruction to
make every game tiny. It is a way to discover whether the central interaction works before its
surrounding systems become expensive to change.

The relevant question for a proposed feature is: which transition, choice, or recurring value
does it improve? If the answer is only that comparable games have it, the roadmap has not
identified its mechanism.

Practical implication. Allocate hours to the strongest constrained marginal improvement. In-
clude dependencies and maintenance, and distinguish a feature’s appeal in a design meeting
from its demonstrated effect in play.

18 A unified constrained control formulation

The preceding models can be assembled into one objective without claiming a closed-form recipe
for success. The purpose of the larger formula is to expose dependencies, units, and unknowns,
not to replace observation.
Let g; be product quality and content state, d; maintenance burden, bj; advertising spend
by creative, and hi; production effort. Let A., be new users acquired at date ¢ in segment z,
with acquisition response
A, = Az(bt, q¢, markety; 9) + &2 (181)

For cohort transitions P, ; ., define a daily activity kernel

a—1
’r’CZ(a) = 6; (H Ps,c+s,z(Qc+s, Uc+s) 9)) €A. (182)

s=0

At a = 0 the empty product is the identity. This representation uses a daily active-state
definition; it does not equate instantaneous occupancy with daily participation.
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18.1 The integrated objective

With expected net receipts per active user fi..¢, a finite-horizon formulation is

T t
m;’_%X E, Z st Z Z Acares (t - C)cht

- Z bjt - Cdev(ht) - Cops(Xt) + valayer(Xta ut) - )‘R(ﬂ-)
J
Subject to
Q41 = qe, by, di, &), (18.4)
di1 = D(dg, ), (18.5)
tht < Hy, ijt < B, (18.6)
k t,j

Pr(critical failure | z,t) <'e,. (18.7)

All monetary terms require one accounting unit. u can be negative after operating costs, and
source-specific policy restrictions remain feasibility constraints.

Equation (18.3) is a synthesis, not an empirically validated universal law. Unknown ac-
quisition functions, player transitions, and market disturbances make a literal global solution
unrealistic. Its practical use is to identify which uncertain marginal quantity controls the next
decision.

18.2 Bellman structure

Following the dynamic-programming perspective [9], for a fully observed state z with known
transition law, the finite-horizon value recursion is

Vi(z) = ugi{z?é){rt(x,u) + 0 E[Vig1(Xig1) | 2, ul}. (18.8)

Under partial observation, the state must include a belief distribution over latent variables and
parameters, or a justified approximation to that belief. Substituting an unobserved true state
into the recursion is not an implementable policy.

A feature test has dual value: it may improve play now and teach the studio which future
action to take. This exploration value should be considered when a small experiment can prevent
a large mistaken release. It does not justify testing without limits.

18.3 Adjoint sensitivity for a smooth approximation

For deterministic dynamics & = F(z,u) and objective

J = /T e Pe(x,u)dt + @(2(T)), (18.9)
0

define the present-value Hamiltonian

H=e Pz, u) + \ F(z,u). (18.10)
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The adjoint satisfies

AN=—ePU,—FE'N,  \NT) =, (x(T)). (18.11)
The control gradient is
o0J
=e P, + F, A\ 18.12
S = ¢ "t (18.12)

This equation propagates downstream value back to an earlier development action. It generalizes
the first-session hazard derivative: an early improvement can affect many later states.

Nonconvex objectives can have multiple local optima [8]. A gradient method finding one
stationary point is not proof of the best possible game. Discrete content decisions, multiplayer
interference, and uncertain parameters further limit literal application.

18.4 Robustness and downside control
For plausible parameter set ©, robust planning solves

max min J(m; 6). (18.13)
T 0€O

A less pessimistic alternative penalizes downside loss using
1
CVaRy (L) = min {n + TE[(L - 17)+]} . (18.14)
n —a

Here « is the tail level and L is loss, not player lifetime. These are risk preferences chosen by
the studio. They do not turn uncertain forecasts into guarantees.

Practical implication. Use the unified formulation as a map of dependencies. Estimate local
effects, impose hard operational constraints, and update the policy as evidence arrives.

19 Synthetic experiments and falsifiable predictions

The following experiments are synthetic. They do not estimate Roblox’s ranking algorithm,
fit Murder Mystery 2 telemetry, or forecast a particular game’s revenue. Their purpose is to
verify model implications and reveal which assumptions matter. The numerical computations
use deterministic equations and explicitly specified parameters.

19.1 Two first-session interventions

Take a baseline hazard of 0.8 per minute during the first minute and 0.32 thereafter. Compare
an early intervention reducing the first-minute hazard to 0.5 with a late intervention reducing
hazard from 0.32 to 0.20 after minute 3. For each,

Sity=eH"O  H@) = / t h(s)ds. (19.1)
0

The baseline has S(5) = e 2% a 0.1249. The early change gives e~ 178 ~ 0.1686; the late change
gives e7184 & 0.1588. The interventions remove different total hazards, so these numbers are
not an equal-cost comparison.

For equal small reductions in cumulative hazard localized at different times, equation (5.8)
predicts a larger restricted-mean gain earlier when value weights are nonnegative. The exper-
iment can be falsified in a real game if the intervention changes downstream value or later
behavior in ways omitted by the model.
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Figure 5. Synthetic first-session survival S(t) = e~ (t) under the piecewise hazards specified in the

text: baseline (heavy black line), early reduction (gray line) and later reduction (thin black line). The
later-reduction curve coincides with the baseline until minute 3, where its hazard first differs; the thin
vertical rule marks ¢ = 5, where the three values quoted in the text are read. Curves illustrate model
consequences, not observed treatment effects.

19.2 Acquisition pulse versus return kernel

Simulate 120 days with 1,000 new users daily through day 6 and no new users afterward. Com-
pare

Fweak(0) = 1, Fweak (@) = 0.04e7018@=D g > 1, (19.2)
= 1,

T'strong (0) Tetrong (@) = 0.20e70-06@=D g > 1, (19.3)

Convolution with the same acquisition pulse yields markedly different tails. The model contains
no organic feedback. Any real post-stop audience increase would require additional acquisition,
reactivation, changing kernels, or measurement revisions.

19.3 A queue sensitivity experiment

Set the illustrative service rate to pu = 100 requests per second and vary utilization p. The
M/M/1 formula gives W = 1/[100(1 — p)| seconds. At 50% utilization W = 0.02; at 90%,
0.10; at 99%, 1.00. This demonstrates sensitivity near saturation. It is not a Roblox data-store
capacity estimate.

The falsifiable operational prediction is that reducing duplicate or unnecessary requests
should reduce a measured bottleneck under a controlled load test, if request pressure is its
cause. If latency remains unchanged, investigate another bottleneck rather than force the queue
explanation.
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Figure 6. Synthetic cohort accounting under identical acquisition: stronger return kernel (black line)
and weaker return kernel (gray line). The shaded period is the seven-day acquisition pulse. The vertical
axis is logarithmic, so after the pulse each exponentially decaying tail appears as a straight line whose
slope is the kernel’s decay rate; the weaker kernel leaves the plotted range when its expected population
falls below one user. The longer tail comes from the return kernel, not further spending.

19.4 Creative allocation and uncertainty

Use two synthetic acquisition responses:
A1 (D) = 6000(1 — e~¥/100) ) Ay(b) = 4000(1 — e~b/80). (19.4)

Assign hypothetical net per-user values L1 = 0.02 and Ly = 0.04 USD. With a $100 total budget,
optimize the concave objective from Section 12. Neither the CTR nor the initial acquisition slope
alone identifies the best allocation; retained value and saturation matter jointly.

19.5 Sensitivity before precision

Repeat each planning calculation over ranges of departure rates, net user value, development
cost, and update impact. If the recommended action changes across plausible values, report the
decision boundary. A narrow point forecast is not more useful than a broad sensitivity analysis
when the parameters are poorly identified.

Simulation should also test accounting invariants: population mass, nonnegative wallets,
stochastic transition matrices, unique receipts, and consistent cohort denominators. A model
that violates these invariants should not be calibrated to player data.

Practical implication. Use simulations to expose assumptions and design a discriminating test.
Their purpose is not to decorate a forecast with scientific-looking curves.

20 A preliminary launch audit: Push Party

Push Party is a recent five-day launch audit near the end of this six-month research project, not its origin. It uses
author-authorized October 26, 2026 data [30] and is non-randomized. Several
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Figure 7. Synthetic net value V(b1) = L1 A;1(b1) 4+ L2 A2(100 — by) — 100 along a fixed $100 budget split;
the thin vertical rule marks the maximizer. The maximizer is conditional on assumed acquisition curves
and user values. It is not a recommended real campaign split.

endpoints update asynchronously. The evidence package contains 33 dashboard captures, five
campaign rows, 24 creative records, and 500 grouped error-report entries.

The case is valuable because apparently favorable acquisition can coexist with weak return
behavior, incomplete attribution, and reliability concerns. It should not be used as a universal
benchmark for another genre.

20.1 Observed acquisition and engagement

The 6.7-minute average-playtime card was an average over days including tiny prelaunch samples.
Busy raw daily rows showed roughly 2.4-3.4 minutes. This is a concrete example of the average-
of-ratios issue, not evidence that either dashboard necessarily malfunctioned.

20.2 Cohort differences

A mandatory tutorial had already been made optional. The smaller newer cohort improved, but
the newest large cohort did not yet have mature D1 evidence. Without the exact deployment
time, consistent source composition, and mature comparison, attributing the change to the
tutorial fix would be premature.

Some Explore daily labels appeared one day earlier than UTC cohort and Overview labels.
The extraction preserved labels rather than silently shifting them. An analyst should resolve
this alignment before joining the views.

20.3 Campaign comparison

The white-character campaigns had higher observed CTR. They were not randomized against
the others under identical conditions. The lowest reported CPP belonged to another campaign.
Thus the evidence supports a creative hypothesis, not a causal ranking by retained value.
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Figure 8. Observed Explore daily counts and stickiness from the provisional audit. Top: distinct
monthly (heavy line) and daily (thin line) active users as rendered. Bottom: the ratio DAU/MAU in
percent, printed above each bar. Date labels are preserved exactly; they must not be silently aligned
with the UTC cohort table. High launch stickiness can coexist with weak repeat play.

20.4 Reliability and observability

The Last 1 day error report showed 114,220 occurrences, including 39,634 queued datastore warn-
ings, 22,133 throttled GetAsync errors, 4,591 combat-effects nil-parent errors, and 719 Process-
Receipt callback-access errors. Five crate configurations each had 588 missing-price/product-ID
warnings. These are occurrence counts, not affected-user counts; first-seen dates were historical.

The logs identify investigation priorities. They do not prove that all purchases failed, that
data was lost, or how much retention each issue caused. Funnel and economy dashboards had no
configured events, limiting the ability to locate progression and purchase abandonment precisely.

20.5 A stopping decision with an open observation window

At a later check, all five campaign switches were off, with two campaigns labelled Rejected and
three Paused. Ads Manager said the experience was suspended for ad serving, while the game
remained Public and its younger-audience review had passed. The underlying moderation reason
was not exposed. This status contradiction is not evidence that every creative independently
failed.

The rational decision was to stop new paid exposure, preserve the acquired cohorts, inves-
tigate reliability, and wait for mature outcomes. This decision did not require declaring final
lifetime value. It followed from the available traffic volume, weak observed early engagement,
unresolved serving eligibility, and the opportunity cost of further spending.

37



N. DASARI STOCHASTIC SYSTEMS AND LIVE GAME DESIGN

Table 2. Selected observed launch metrics. Windows and denominators differ; rows must not be
multiplied indiscriminately.

Measure Observed value and qualification

New acquired users 19,234 in acquisition view

Sponsored acquisitions 18,655, approximately 96.99%

Sponsored D1 1.43%, source-cohort measure

New-session survival at 5 minutes 12.43%

Sponsored first-day playtime 2.9 minutes per acquired user, cumulative

DAU 2,832 daily-average card

Stickiness 47.34% daily-average DAU/MAU

Home recommendation plays 0 in the inspected source table

Net purchase receipts 53 Robux, Last 7 days

Creator Rewards 170 Robux in a separately updated Last 7 days
widget

Table 3. Retention percentages as rendered. Rounded percentages must not be reverse-engineered into
exact success counts.

UTC cohort New users D1 D2 D3

Oct 24 306 7.82% N/A  N/A
Oct 23 5330 0.90% 1.18% N/A
Oct 22 5459 1.53% 0.24% 1.31%
Oct 21 30 6.67% 0.00% 3.33%

Practical implication. Transfer the measurement lessons to a new game. Do not transfer a
preliminary CTR winner as though it established that game’s audience fit or economics.

21 Analytical limits and useful propositions

A sophisticated blueprint should state what its inputs cannot establish. Several simple results
prevent surprisingly consequential mistakes. The propositions in this section are elementary
consequences of the specified models; they are not claims of new general mathematical theory.

21.1 One retention point does not identify lifetime value

Proposition 21.1 (Nonidentification from D1). Knowing r(0) = 1 and r(1) = p does not
identify Ly = Zfzor(a) for H > 2, even if r(a) is nonincreasing.

Proof. One compatible kernel has r(a) = 0 for a > 2, giving Ly = 1+ p. Another has r(a) = p
for 1 < a < H, giving Ly = 1+ Hp. Both are nonincreasing and share the observed D1. For
p >0 and H > 1, the values differ. O

Exact-day retention is not generally nonincreasing, so the actual identification problem is
weaker still. A strong D1 result is informative, but cannot supply a mature D30 or lifetime
revenue estimate by itself.
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Table 4. Sequentially captured Last 28 days campaign rows. Rounded rows total $474.72 versus a
contemporaneous large spend metric of $474.70; a later refresh showed $474.80.

Campaign label Spend USD CTR Reported CPP
White Character Relaunch 39.26 4.5% 0.056
Proven White Creative 12943 4.7% 0.023
Test Creatives 56.42 1.7% 0.032
October 22 launch 91.97 2.0% 0.018
October 21 launch 157.64 2.3% 0.021
(a) Observed campaign rows (b) Cohort D1 and cohort size
10
White relaunch 45
8 n=306
. [ 7 -
Proven white - T =S n=30
= o
Test creatives *:I 17 §
5 4
Q
Oct 22 launch *:I 2.0 g
2 4 n=>5,459
Oct 21 launch ) n=>5,330
2.3 |—|
T T T T T 1 O [ [ [ [
0 1 2 3 4 5 6 Oct 21 Oct 22 Oct 23 Oct 24
Campaign CTR (%), Last 28 days UTC arrival cohort

Figure 9. Observed CTR and cohort D1 from different views, as rendered in Tables 3 and 4. (a)
Campaign click-through rates; black bars are the two white-character campaigns, gray bars the others.
Campaigns were not randomized. (b) Exact-day D1 by UTC arrival cohort with cohort size n above each
bar; the two cohorts with higher D1 are far smaller than the two large launch cohorts.

21.2 A value-of-information bound

Suppose actions a € A have uncertain values V(a, ). With current data D, the best expected
value is max, E[V (a, ) | D]. Perfect information would give E[max, V' (a, @) | D]. Their differ-
ence is

EVPI = E [max V(a, §) ‘ D] — maxE[V(a,) | D] > 0. (21.1)

The inequality follows because choosing after observing 6 includes the option to choose the
current best action.

A proposed test costing C' cannot be justified solely by decision information if C' > EVPI,
under the same value model. Real tests provide partial rather than perfect information, so their
expected information value is at most this upper bound. Tests may have direct product benefits,
but those should be counted separately.

This prevents unlimited spending in the name of learning. When every plausible result would
lead to the same decision, the decision value of further measurement is small. A new experiment
is useful when it can change what the studio will do.
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21.3 Sensitivity of population trajectories
Consider two deterministic models & = F(x,u) and & = F(&,4) with
1F(z,u) = F(y,0)|| < Lallz = yll + Lullu — o] (21.2)

Gronwall’s inequality gives
t
() = &(t)[| < e"="[l(0) — Z(0)|| + Lu/ el |lu(s) — a(s)|| ds. (21.3)
0

This is a sensitivity bound, not evidence that L, is small. Near positive feedback or capacity
failure, small errors can amplify quickly. Long-horizon precise forecasts then require stronger
evidence than short-horizon local estimates.

21.4 A finite-horizon retained-value gradient

For acquisition A, fixed independently of parameter 6,

T T—c
JO) = Acy 5 re(a;6) me(a;6). (21.4)
c=0 a=0
Finite sums permit termwise differentiation:

J'(0) = Z A. Z 6 [me(a; 0) Bgre(a; ) + re(a; ) dgme(as 6)]. (21.5)

This separates retention and monetization effects. If acquisition also changes with 0, an addi-
tional derivative term is required. Omitting that term while changing metadata and gameplay
together can misattribute the source of value.

A finite difference estimates this gradient only locally:

J(6) ~ IO+ A)Q_AJA(Q —4), (21.6)

Randomization supports the comparison; small A reduces approximation bias but can worsen
signal-to-noise. Larger changes may cross qualitatively different player behaviors.

21.5 Model selection is a prediction-and-decision task

Adding parameters always allows a flexible model to fit historical data more closely. It does not
necessarily improve future decisions. Use forward-chaining validation: train on earlier cohorts
and evaluate on later mature cohorts. Randomly splitting rows from the same player across
training and validation leaks information.

A decision-aware loss can penalize wrong actions rather than only forecast error:

Lecision = J(a*(0),0) — J(a,0). (21.7)

A model can have slightly worse average prediction error but better decisions if it estimates the
relevant boundary more accurately. Conversely, a visually excellent DAU fit can be useless for
deciding whether a purchase bug should block relaunch.
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21.6 Second variation of retained session value

The hazard functional admits a useful curvature calculation. Assume a finite horizon, bounded
integrable v, h,n, v > 0, and perturbations small enough to keep the hazard nonnegative. Dom-
inated convergence justifies differentiating under the integral twice:

= /OHv(t) Sh(t) (/Otn(s) ds>2dt >0, (21.8)

Hence V is convex as a functional of hazard on its feasible convex domain. Its mixed second-
variation kernel is

d2V[h + en)
de?

52V H
TS /m RCCECED (21.9)
This positive-semidefinite kernel describes interaction between changes at different session times.
Reducing two sequential hazards can preserve more downstream value than adding their isolated
first-order effects. It does not establish that two real features have those hazard effects; that
remains an empirical question.

The result also warns against assuming a globally concave development objective. Even a
smooth, interpretable retention model can produce nonconcave allocation problems after controls
are composed with hazard reductions and costs. Local optimization and global optimality are
different claims.

21.7 An adjoint for cohort-age transport

The age-structured model can be differentiated without estimating a separate finite difference
for every control. Transpose the population into a column m(a,t) and consider

oym + Oam = Q(a, t;0) 'm, m(0,t) = A(t;0) ea. (21.10)

For a finite age interval 0 < a < amax and fixed initial population, define

J(6) = /O ! /0 " w(ant: 0)Tm(a, 1) da dt. (21.11)

The vector w may weight active player-days or declared receipts. Outflow at apax is allowed.
Assume sufficient smoothness for the following integration by parts, or interpret the equations
weakly with compatible boundary conditions.

Let the adjoint column p solve backward:

—0ip — Oap = Qp + w, (21.12)
p(aaT) =0, p(amaxa t) =0. (2113)

Multiplying the linearized forward equation by p and integrating by parts cancels all interior
variations of m. The derivative becomes

dJ T [omexy o T T
&= [p (09QT)m + (Bpw) "m | dadt
00 (21.14)

+ / p(0,t) "ea BpA(t; 0) dt.
0
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The first term values changed transitions; the second values changed per-state outcomes; the
boundary term values changed acquisition. Initial-population or terminal-payoff dependence
would add corresponding terms.

This is the continuous counterpart of the cohort sensitivity decomposition. It supplies an
efficient gradient for a discretized planning model. It does not make uncertain transition rates
known. Numerical implementations should compare the adjoint gradient with finite differences
on a small grid before using it for allocation.

21.8 Likelihood, matrix exponentials, and identifiability

If states are actually observed at interval A, a homogeneous generator induces P(A) = e@a,
With transition counts N;;, conditional log-likelihood is

0(0) =Y Nijlog Pyj(A;0). (21.15)
i,

For a scalar parameter, the matrix-exponential derivative is

A
896QA:/ €9 (8pQ) QA=) ds. (21.16)
0

Multiplying 95Q by Ae®? is valid only under an appropriate commutation condition. Matrix
noncommutativity is consequential, not a notational detail.
For an origin-state exposure count NV;, the conditional expected information has form

VoP;j VP
7(0) = ZNZTJ (21.17)
4 J

over positive-probability transitions. A rank-deficient information matrix indicates locally indis-
tinguishable parameter directions. More observations of the same uninformative measurement
do not resolve that rank deficiency.

In ordinary game telemetry, dormant and effectively lost states are not directly observed
as distinct labels. The likelihood above therefore applies only when the state definitions and
observations support it. Otherwise use an observation model, simpler estimands, or bounds.
Fitting a detailed generator to aggregate DAU alone does not identify all its rates.

Practical implication. Use proofs to delimit what is possible, then use data to decide which as-
sumptions are credible. Mathematical complexity is useful only when it narrows a consequential
uncertainty.

22 The event system and an end-to-end experimental protocol

The most valuable analytics work often happens before the first advertisement. A launch should
produce a reliable sequence from assignment to exposure, action, reward, progression, return,
and purchase delivery. Without that sequence, the studio may acquire thousands of users yet
remain unable to identify the largest obstacle.
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Table 5. A conceptual instrumentation contract. Event names are illustrative, not exact platform API
calls.

Stage Evidence event Failure distinction

Arrival Session start, load complete Load timeout or crash

Understanding  First unaided core action Control error, help request

Loop First reward banked Lost reward, interrupted loop

Progression First upgrade delivered Insufficient funds versus failed
grant

Return New session with cohort age New acquisition versus
reactivation

Shop Product view and prompt Abandoned prompt versus
payment failure

Purchase Receipt reconciled, entitlement Paid but not delivered

saved

22.1 An event contract

A conceptual event record is
e = (i, 8, te, tingest, U, 2, k, a, 0, ), (22.1)

where i is a pseudonymous player key, s session, v build/config version, z source or experiment
stratum, k£ event kind, a relevant action identifier, o outcome, and v schema version. This is
an analytical schema, not a requirement that every field be sent to Roblox custom analytics.
Platform field and retention limits must be respected.

Collect only what the experiment needs. Aggregate behavior is usually sufficient for de-
sign decisions; private messages, unnecessary personal details, or external identity data are not
required for this blueprint.

22.2 Funnel and economy consistency

Roblox provides funnel and economy event systems [16, 17]. A first-loop funnel should reflect
successful stages. A reward granted event belongs after the authoritative operation succeeds,
with an idempotent operation identity where the system needs deduplication.

Maintain invariants:

#delivered unique receipts < #recognized paid receipts, (22.2)
ending wallet = starting wallet + sources — sinks, (22.3)
cohort first arrival = min(eligible historical arrivals). (22.4)

The first inequality is a diagnostic conceptual constraint; refunds, external grants, and migration
procedures need separately labelled records. A raw event count can exceed receipt count if
logging is retried, which is why unique operation identity matters.

22.3 The experiment specification

A complete specification states:
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Algorithm 1 Release decision procedure

Freeze cohort and experiment definitions
Verify assignment and event reconciliation on test traffic
Enroll eligible units; persist assignment
Observe actual build exposure and operational guardrails
if a declared critical failure occurs then

Stop immediately
else

Collect the prespecified sample and follow-up
end if
Estimate the primary contrast with design-aware uncertainty
: Inspect declared device/source heterogeneity
: Choose rollout, revision, or further targeted measurement
: Archive the decision and the exact evidence window

_ = = =
w N PO

1. The population, enrollment trigger, assignment unit, and persistence rule.
The product difference, including all affected configuration values.

One primary estimand and the minimum useful effect.

Follow-up duration, sample plan, and valid stopping rule.

Guardrails and rollback conditions.

A

Handling of missing events, old server versions, and repeat users.

7. The decision to be taken under favorable, neutral, harmful, or inconclusive evidence.

This is a compact scientific protocol, not paperwork for its own sake. It prevents changing the
definition of winning after seeing the result.

22.4 Pseudo-algorithm for a release decision

The algorithm intentionally separates operational safety from statistical superiority. A critical
entitlement failure should not continue simply because D1 requires another day of follow-up.

22.5 End-to-end extraction

A final launch extraction should include campaign identity, delivery dates, spend, impressions,
clicks, qualified acquisition, early-session behavior, exact-day cohorts, player-days, payer conver-
sion, receipts, reward streams, source composition, devices, and errors. Use a window covering
the original launch and its complete follow-up.

Keep the extraction reproducible: retain source links, capture times, table definitions, and
transformation logic. A chart generated from several views should identify every join key and
unit conversion. A raw archive without a readable interpretation is incomplete; a polished
narrative without recoverable evidence is equally incomplete.

Practical implication. Instrument the questions the studio must answer after spending. The
goal is not to collect everything; it is to make the next development and acquisition decisions
identifiable.
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23 An illustrative new-game design: the orchard escape loop

Consider a hypothetical game in which players chop trees, collect seeds, escape pursuit, plant

at a base, and use earnings to improve tools. This example is a design exercise, not a claim of

market novelty or a forecast of profitability. It translates the framework into concrete choices.
The smallest complete loop is

choose tree — chop — carry seed — escape — plant — choose next upgrade. (23.1)

Each arrow should be observable and understandable. The first session should reach one com-
plete loop quickly enough to reveal why the next loop could be different.

23.1 A state model for meaningful decisions

Let state be x = (a, s,v,d, T,g): axe capability a, movement skill or speed s, carried value v,
distance to safety d, pursuit state 7, and planted-garden state g. Actions include chop again,
bank now, choose another route, use an earned ability, or seek help.

A finite-horizon decision model is

V(x) = max {ra;,u +9 P |z, u) V(2 } 23.2
@) = o (vl )+ PG 2,9 V&) (23.2)
The game does not need to solve this equation during play. The designer uses it to ask whether
multiple actions can be rational in different states. If one action dominates everywhere, the
apparent choice is not meaningful.

23.2 Traits instead of only rarity

A seed may encode growth time, shape, yield profile, environmental affinity, or an interaction
with another planted tree. Let trait vector be § € R¥. Garden value could depend on combina-
tions:
Y(g) = y:)+> 0/ we;. (23.3)
i i<j

The interaction matrix W is a design object. Positive and negative interactions can create
placement choices, but must remain readable. Hidden arbitrary synergies do not create fair
strategic depth.

Rarity should not be the only determinant of usefulness. A common tree with a distinct role
can remain relevant after a rare acquisition. This preserves horizontal choice and reduces the
pressure to replace every old item.

23.3 The axe and speed economy

If chop time is tchop(a, tree) and escape probability is pescape(s, d, 7), expected banked value per
attempted run is
E[Vbank} = Pescape U (234)

under a simple all-or-nothing model. Expected value per unit time divides by chop, carry, travel,
and reset time. Faster axes can increase risk exposure if they encourage deeper excursions; the
interaction should be tested rather than assumed beneficial.
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An upgrade should change an action or reachable option, not merely shorten a wait. Exam-
ples include choosing between a heavy axe with a stronger final chop and a lighter axe allowing
safer movement, or a garden trait changing which seeds are desirable.

23.4 A first-session test

Compare an opening that immediately presents a small readable tree and a visible safe return
path with an opening requiring several separate training steps first. Measure load completion,
first chop, first bank, first planting, and second voluntary run. D1 remains important, but early
stage data explains where a difference emerged.

The test should preserve the actual advertised mechanic. Showing a chase in the thumbnail
while making the player train in an empty room first is a plausible mismatch hypothesis. It
must be tested, not asserted as the cause of every bounce.

23.5 An expansion path

New content can add a pursuit behavior, a route interaction, a seed trait, or a cooperative
banking opportunity. Each should interact with the existing loop. A second currency with no
distinctive choice adds complexity without necessarily adding depth.

The first release needs a reliable save, a clear first reward, a few differentiated choices, and
enough variation to reveal repeat-play potential. Broader content should follow evidence about
what players understood and voluntarily repeated.

Practical implication. Use the loop’s state variables to design testable decisions. A promising
concept becomes a product when players can understand, execute, repeat, and remember its
core interaction.

24 Release engineering and the bridge from a patch to an experiment

A published patch is not a single synchronized treatment. Old servers may remain alive, players
may carry state from prior builds, and configurations may change independently of code. Roblox
documents that players are not automatically removed from old servers when an update is
published [26]. Version exposure must therefore be measured.

24.1 Exposure-aware analysis

Let Vj; be the actual version experienced by player i at time t. A release timestamp alone
supplies an intended treatment Z;, not proof of exposure. The contrast

E[Y |t > trelease] — E[Y | < trelease] (24.1)

mixes versions, audience changes, and calendar effects. Log build and configuration identity at
consequential events, not just at session start if a live configuration can change mid-session.

Live configuration systems can change values without a full restart [27]. Feature flags should
have an exposure rule. If the flag changes an economy, decide whether a player’s assignment
persists across sessions. Mixing reward rules during a single progression path can create fairness
and analytical problems.
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24.2 Migration as a correctness contract

Let M, map saved state from schema v to v+ 1. A migration should preserve declared invariants:
Iy(x) = Iyy1(My(x)). (24.2)
Idempotency is important when retries occur:
My (My(z)) = My(x) (24.3)

after accounting for a schema marker or an equivalent guarded implementation. Applying a
currency grant twice violates the intended contract even if the migrated state otherwise loads.

Backward compatibility matters while old and new servers coexist. A new schema unreadable
by old servers can turn ordinary rejoining into state loss or failure. The release plan must either
maintain compatibility or coordinate server transition deliberately.

24.3 Canary releases and rollback

A canary exposes a limited, declared portion of traffic while monitoring correctness and device
performance. It is not necessarily powered to detect D7 retention. Its purpose is to catch
high-impact failures before broad exposure.

Rollback must address both code and state. Reverting a script does not undo already granted
items, changed prices, or saved progression. A rollback plan should distinguish reversible con-
figuration, compensating actions, and irreversible state transitions.

A release is ready only if the team can answer what happens when a purchase arrives during
migration, a server closes during a save, or an old client requests an action against new rules.
These are concrete product paths, not hypothetical bureaucracy.

24.4 Separating novelty from improvement

An update can improve technical reliability while its novelty simultaneously increases visits. To
estimate the reliability effect, compare actual operation success and matched cohort outcomes
rather than only total activity. To estimate the event effect, track returning and new users
separately.

A release log should include hypothesis, version, time, affected systems, known limitations,
expected metric direction, and rollback trigger. This creates a historical dataset for estimating
production and update effects rather than relying on memory.

24.5 A cadence the team can sustain

A weekly promise that repeatedly ships broken changes can be worse than a slower reliable
rhythm. Let h be available hours and cgy emergency work. Planned content capacity is h — cqy.
Reducing incident work can create more update capacity than hiring another content contributor.

The bridge to live operations is therefore a reliable production system. Self-renewing content
still requires monitoring, curation, and occasional structural improvement. It does not mean
unattended code or unlimited algorithmic content generation.

Practical implication. Treat every patch as both a product intervention and a versioned exposure
event. Reliable deployment makes its player effect measurable and its success repeatable.
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25 Novelty, memory, and the production of new situations

An update can supply more assets without supplying more meaningful play. The relevant re-
source is the set of situations a player can still discover, interpret, and influence. That set
depends on rules, maps, opponents, items, goals, and the player’s own accumulated knowledge.

Let an encounter be generated from components Ci,...,Cy. The theoretical combination
count is
k
2l =TT 1. (25.1)
j=1

This count is an upper bound on variety, not experienced depth. Invalid combinations, dominant
strategies, unreadable outcomes, and repeated matchmaking can collapse the useful set. Let
Qyiable € 2 and encounter probabilities p,,. Effective diversity is

Neg =exp | — Z pwlogp, | . (25.2)

uJEQviable

Adding a component matters when it changes the experienced distribution and the decisions
available within it.

25.1 Novelty is player specific

A new player can find an old map novel. A veteran may exhaust a new item in one session. Define
N;(t) as a model of player i’s remaining meaningful novelty, not a shared currency consumed by
the entire server. A simple between-update approximation is

N; = —d;N;,  Ni(t}) = Ni(t;) + Ai. (25.3)

The impulse A;;. depends on whether the update creates unfamiliar and useful situations for
that player. A cosmetic recolor and a new route interaction can have very different A;, even if
they take equal production time.

A more expressive model incorporates learning and recombination:

N; = s;(gs,social state) — d; N; — £;(N;, play rate), (25.4)

where s; is endogenous creation of meaningful situations by the system. This is the opening
for updates that continue working after release: they can raise s; by expanding how existing
components interact.

25.2 New content can amplify old content

Suppose a new map m supports r distinct role interactions and v viable movement or tool
choices. Its marginal interaction opportunities may scale with rv, rather than one asset. But
multiplying counts is insufficient when those combinations feel equivalent.

A measurable interaction lift compares a new component both alone and with the existing
system. For outcome Y, a factorial contrast is

Tinteraction = E[Y11 — Y10 — Yo1 + Yoo (25.5)

A positive interaction means the combination creates more value than the sum of isolated changes
under the test. This is a stronger claim than saying that many combinations are theoretically
possible.
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25.3 Memory and recognizable identity

Updates also draw value from familiarity. Players know controls, understand goals, recognize
social roles, and remember prior achievements. A complete redesign can increase novelty while
destroying this accumulated competence.

Let M; represent useful familiarity. A stylized experience value is

U; = alog(l + N;) + Blog(1 + M;) — ~ confusion;. (25.6)

The coefficients are preference assumptions. The expression captures a design tension: a game
can be too repetitive or too disorienting. A successful update may preserve the recognizable
core while changing the situations encountered within it.

This suggests a modular architecture. Keep input grammar, role clarity, persistence, and
reward meaning stable where possible. Add content through maps, modifiers, collections, and
optional goals that the existing grammar can express. When the grammar itself needs repair,
provide migration and re-teaching rather than disguising a redesign as ordinary content.

25.4 Social stories as renewable variation

Other players create uncertainty that authored content does not fully enumerate: a mistaken
suspicion, an unexpected escape, a coordinated rescue, or an unusual trade. These events can
refresh a stable mechanical loop. They require legible rules and fair opportunities; chaos alone
is not a retention system.

Measure whether a release increases varied viable choices, intentional co-play, repeat rounds,
and voluntary return. A rise in item acquisition without these changes may indicate a collection
pulse rather than a deeper loop.

Practical implication. Design updates that add interactions to familiar systems. A component
earns recurring value when players continue making new decisions with it after its initial an-
nouncement is forgotten.

26 Update cadence and stability of the retention system

Cadence should follow the decay of player value, production capacity, and the effect of updates
on future transitions. A fixed weekly rhythm is not inherently optimal. Neither is an infrequent
large expansion. The relevant comparison includes content quality, fatigue, reliability, and the
community’s ability to return together.

26.1 An impulse-decay model

Suppose novelty is reset to A at each update and decays as Ae~% between updates spaced

apart. Average novelty is
- Al — e797)
N = — 7 26.1
() e (26.1)
This is a reset model. An additive-impulse model has a different steady-state average; the
assumptions must not be mixed.
Let a release cost C', novelty carry weight w, and other cadence costs be temporarily omitted:
Al—e 4y C
Ury=2242"¢ ) (I—e™7) € (26.2)

dr T
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Figure 10. Synthetic cadence objective U(7) of equation (26.2) with A = 1, d = 0.1 per day, w = 1,
and release cost C' = 2 in compatible objective units; the thin vertical rule marks the stationary point of
equation (26.4). The preferred interval is conditional on this simplified reset model.

Then
1

U'(t) = = C—%{l—(l—l—dT)e_dT} . (26.3)

T

An interior stationary cadence satisfies
A
C=——{1-(1+dne "} (26.4)

For 0 < C < wA/d, the right side increases from zero to wA/d, giving one stationary maximum.
If release quality A depends on preparation time, or bugs increase with frequency, the equation
changes. It is a sensitivity model, not a universal release calendar.

26.2 Retention stability across release cycles

Let xp = (Ak,Dk)T be active and dormant populations just after update k. Within-cycle
transitions yield a nonnegative substochastic operator P.. At the next update, reactivation is

represented by
_(L
R, = <O 1o p> . (26.5)

For this column-vector convention, column sums are one. Pure reactivation conserves mass;
it cannot create new players.

If social activity additionally creates new eligible acquisitions, represent the expected incre-
mental arrivals by nonnegative operator K. Then an illustrative cycle map is

Tk+1 = Brzp + ag, B, = RpPT + K. (26.6)

K. must count genuinely new incremental players, not existing friends returning under a different
label. External acquisition is a.
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Proposition 26.1 (Subcritical cycle stability). If B, is nonnegative, has spectral radius o(B;) <
1, and ay = a, the unique fixed point is

z* = (I — B;) 'a, (26.7)
and x — x* from every finite initial state.

Proof. The spectral-radius condition implies convergence of the Neumann series ijo Bl =

(I — B;)~!. Tteration gives z = BFxo + Z?;Ol Bla. The first term vanishes and the second
converges to the stated fixed point. O

Corollary 26.2 (Reactivation alone is not unbounded growth). If K, = 0 and P: is column
substochastic, then o(R,Pr) < 1.

Proof. The induced matrix 1-norm of a nonnegative column-substochastic matrix is at most one.
R, has norm one. Submultiplicativity and o(B) < ||B||; yield the claim. O

An update can improve persistence and recover dormant players without generating un-
limited growth. This matters when a studio interprets a large return pulse as evidence of
self-sustaining acquisition.

If o(B;) > 1, the linear model predicts growth, but finite audiences and server capacity
eventually invalidate linearity. The spectral radius is a local diagnostic under the model, not a
published Roblox ranking threshold.

For a synthetic stability map, take

0.80 0.05 k0
PT_(O.lO 0.85)’ KT_(O 0)’ (26.8)

using the column-vector convention. Vary 0 < p < 0.8 and 0 < k < 0.35. The resulting
boundary depends on these assumed entries, not on a measured Roblox threshold.

26.3 Which improvement changes stability most?
For a simple dominant eigenvalue with right vector v and left vector w, normalized by w'v = 1,

do(B) 0B
o0 Y o0

(26.9)

This sensitivity identifies influential transitions within the fitted local model. A large derivative
is meaningful only if the corresponding parameter can actually be changed and estimated.

Practical implication. Choose cadence by how long updates create useful play, how safely the
team can ship, and which transitions improve. A return pulse, a healthier kernel, and incremental
acquisition are three different accomplishments.

27 Murder Mystery 2 as a structural retention case

Murder Mystery 2 provides a useful design reference because a recognizable round structure
coexists with collection and trading. Its official public description identifies Innocent, Sheriff,
and Murderer roles and a knife collection/trading layer [29]. The following analysis is structural
inference, not access to its private retention, revenue, update schedule, or experimental results.
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Figure 11. Isolines of the dominant cycle eigenvalue o(B;) for the operators of equation (26.8), computed
in closed form from the characteristic polynomial of B,. The heavy line is ¢ = 1, the linear model’s
stability boundary; thin lines are spaced 0.05 apart. With & = 0 the dominant eigenvalue equals 0.90
for every p, so the o = 0.90 isoline coincides with the horizontal axis. Finite-audience and capacity
constraints are omitted.

No numerical D1, D7, payer-conversion, or causal update effect is asserted for Murder Mys-
tery 2. Public longevity and familiar mechanics do not reveal which individual feature caused
its success. Survivorship bias also matters: copying visible features of a surviving game does
not reproduce its history, audience, or execution.

27.1 A stable grammar, variable situations

The round supplies a compact grammar: roles have distinct objectives, other players hold un-
certain information, and a new round creates another chance to interpret and act. The source
of variation is not only a new map. Different players, movement, suspicion, timing, and role
assignments can change the same map’s situation.
Let a round state be
s=(m,r,¢,p,h), (27.1)

where m is map, r role configuration, ¢ spatial configuration, p player strategies, and h infor-
mation history. A game can create many experienced situations even when the set of authored
maps is modest. The important quantity is the distribution of meaningful decisions over these
states.

A new map potentially changes sight lines, encounter timing, escape options, and information
flow. It can therefore interact with several existing roles. Whether it actually improves retention
remains a hypothesis requiring player evidence.
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27.2 Short loops and long goals

A round gives a short opportunity for action and a clear reset. A collection or mastery goal can
persist across rounds. These operate at different timescales:

Vv, = V;;round + Vimastery + ‘/icollection + Vvisocial' (272)

This is a conceptual decomposition, not an additive empirical fit. The terms can interact. A
cosmetic collection may create identity in a social setting, while a memorable round may make
the associated item more meaningful.

The short loop must remain worthwhile without completing the long goal. If all enjoyable
play is deferred until a rare acquisition, the collection layer becomes a gate rather than a com-
plement. A durable game gives new and returning players meaningful action at their current
progression state.

27.3 Updates that reuse the grammar

A hypothetical seasonal update to this type of game can add a map, a themed collection, optional
objectives, or a modifier. Each addition can reuse the existing role grammar. Players do not
need to relearn the entire product to understand why the new content matters.

Consider a content component ¢ with implementation cost K, and interaction set Z(c). A
useful design efficiency measure is

> sez(e) Pr(s experienced) AV (s)

Ee= K.+ Cénaintenance

(27.3)

This is a proposed planning measure. It values the quality and likelihood of interactions, not
only their count. A map that creates many broken or unreadable encounters has low or negative
AV.

27.4 Collection without destroying the round

An item layer can provide expression, memory, and goals while leaving the round’s essential
information and counterplay understandable. Changes that make item ownership dominate
outcomes risk weakening the very social encounters that give the collection a stage.

A balancing test should compare participation and outcomes across progression states. If
new users consistently encounter an unwinnable or unreadable environment, long-term collectors
may be retained while the acquisition funnel deteriorates. Aggregate veteran activity can conceal
that failure.

Trading also creates interaction and identity, but introduces duplication, delivery, eligibility,
and trust responsibilities. A reliable item ledger and transparent restrictions are part of the
product, not a separate analytics concern.

27.5 What transfers and what does not

The transferable pattern is a stable understandable loop with new combinations, persistent
identity, and social variation. The nontransferable assumption is that adding knives, rarity, or
a seasonal banner will reproduce the same audience response.

An orchard escape game can use the pattern without reproducing the theme: preserve chop-
ping, carrying, escaping, and planting as the grammar; vary pursuit behavior, route interactions,
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seed traits, and garden choices. The question is whether each update creates useful decisions
within that grammar.

Practical implication. Study the relationship between core loop and update layer. Borrow a
mechanism to test, not a claim that another game’s visible features guarantee retention.

28 Designing updates that continue working after release

The final operational objective is an update whose value survives its announcement. The release
should do more than temporarily increase arrivals. It should improve the system that produces
future sessions: clearer choices, more viable combinations, reliable progression, richer social
situations, and reasons to return that remain understandable.

28.1 A three-stage update contract

Separate reach, reactivation, and persistence. Let Ry be returning players reached by update
k, qr the fraction who return, and pg(a) their subsequent participation kernel. Incremental
post-update player-days are modeled as

H
APk(H) — Rka Z pk(a) o Pkcjounterfactual(H)‘ (281)
a=0

The counterfactual subtracts activity that would have occurred anyway. Without a credible
comparison, report gross post-update activity rather than claiming incrementality.

An update can win reach while failing persistence. It can also improve persistence without
a dramatic spike. Evaluate both. Opted-in event and update announcements are distribution
tools described by Roblox [25]; they are not substitutes for a worthwhile returning session.

28.2 A reusable update architecture

Maintain a stable core with explicit extension points:

1. Encounter extension. Add a map feature, route, role interaction, or pursuit behavior
that changes a readable decision.

2. Progression extension. Add a horizontal goal or a new use for existing earned progress
without invalidating prior effort.

3. Social extension. Create a cooperative, competitive, or expressive interaction worth
sharing and repeating.

4. Return extension. Give dormant players a clear reason to re-enter and a short path to
experiencing the change.

5. Reliability extension. Improve the systems supporting every future loop: loading, per-
sistence, matchmaking, and entitlement delivery.

A release need not contain all five. It should identify which one it actually improves and how
that improvement will be measured.
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28.3 An update hypothesis with a measurable mechanism

For a hypothetical orchard game, suppose a new pursuit behavior forces a choice between a
shorter exposed route and a longer sheltered route. A seed trait interacts with that choice,
while a garden objective rewards banking either of two useful seed types. The update extends
existing systems rather than adding a disconnected minigame.

The hypothesis is not merely that DAU rises. It is that route choice becomes less dominated,
more users voluntarily complete a second run, and returning players continue using the new
interaction after the initial event. Measure:

choice diversity = — Z Da l0g Py, (28.2)
a

#players completing a second voluntary loop

d-1 ion = 28.3

pecond-loop conversion #players completing the first ’ ( )
H

post-update player-days = Z Tupdate (d)- (28.4)
d=0

Choice diversity alone is not a success measure: random confusion can also increase entropy.
Pair it with successful execution, player understanding, and return outcomes.

28.4 A post-update evidence sequence

Immediately verify delivery, migrations, error rates, and performance. After processing delay,
inspect exposure and first-session outcomes. When cohorts mature, compare exact-day returns
and player-days. Examine whether collection, shop, and social systems support the improved
loop without displacing it.

Compare new players, returning active players, and reactivated dormant players separately.
A change can help veterans and confuse newcomers. Preserve version identity so that the
observed effect is not diluted by old servers or partial rollout.

If the update underperforms, classify the failure: insufficient reach, unclear promise, failed
first experience, shallow content, poor persistence, technical regression, or incompatible economy.
The next action should target that mechanism. Repeating a larger announcement does not repair
an unidentified product failure.

A synthetic daily example makes the pulse-versus-persistence distinction explicit. Use row-

vector transitions
0.55 0.35 0.70 0.25
Fo= (0.02 0.90) = (0.04 o.93> ‘ (285)

Missing row mass exits the modeled population. Acquire 100 players daily on days 0-6, then
stop acquisition. On day 7 reactivate 30 percent of dormant players. Compare that pulse alone
with the pulse followed by P; replacing Fy. These are deliberately specified scenarios, not fitted
effects.

28.5 The retention engine

A repeatable release system can be expressed as

friction — design change — reliable release
— meaningful situations — measured return (28.6)

— next design choice.
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Figure 12. Synthetic update trajectories on a logarithmic vertical axis: no update (thin black line),
reactivation pulse on day 7 followed by P, (gray line), and the same pulse followed by P; (heavy black
line). After acquisition stops, each tail decays geometrically at the dominant eigenvalue of its transition
matrix (0.919 for Py, 0.967 for P;) and therefore appears as a straight line. The pulse alone rejoins the
no-update tail by about day 20, because players moved into the active state leave it faster under Py than
they would have left the dormant state; only the persistent improvement changes the slope. All model
parameters are stated above.

This is a feedback policy with a stable product identity. Developers supply and curate the rules,
assets, goals, and safeguards. Players generate combinations, mastery, relationships, and stories
within them. The next update adds to that possibility space while preserving what made the
previous sessions legible.

The work after release is specific: inspect the transition the update was meant to improve,
preserve the combinations players actually use, remove broken or dominated options, and build
the next addition around the remaining friction. When the familiar loop remains satisfying
and the new component keeps changing what players can do together, the update continues
producing reasons to return long after its launch-day traffic has passed.

29 The crystal model: a 28-facet synthesis

The preceding 28 sections each isolate one structure of a live game: a measurement, a transition,
a constraint, or a design lever. Read separately, they can look like a checklist. This section
introduces the crystal model, an organizing construct developed by the author, in which the 28
structures are the 28 facets of a single crystal. The construct has one purpose: to show that
click-through, the most visible acquisition number, is only the light entering the crystal. What
that light becomes depends on every facet it passes through.

The crystal model is a synthesis device, not an empirically validated law. Its multiplicative
form is an assumption stated in Section 29.3, and Section 29.6 gives the observation that would
falsify it for a particular game.
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(b) Crown view (c) Pavilion view

(a) Elevation

M Reach B Arrival and first session [J Retention and value (] Evidence and operations

Figure 13. The crystal model. (a) Orthographic elevation of the 14-gonal bipyramid, viewed 16° above
the girdle plane; hidden facets are omitted and only the wider visible facets are numbered. (b) Crown
view from above, facets 1-14. (c) Pavilion view, drawn in the same orientation as (b), as if seen through
the crown, so that pavilion facet k + 14 lies directly beneath crown facet k£ and the two share girdle edge
k. Fill shades give the funnel group of Table 6: black, reach; dark gray, arrival and first session; light
gray, retention and value; white, evidence and operations.

29.1 Geometry of the crystal

Take the 14-gonal bipyramid: a regular 14-gon (the girdle) with one apex above and one below.
It has
V=14+2=16, E=14+2-14 =42, F=2.14 =28, (29.1)

and satisfies Euler’s relation V — E+ F = 16 — 42 + 28 = 2. Every facet is a congruent isosceles
triangle. The upper crown carries facets 1-14 and the lower pawilion carries facets 1528, so
facet j corresponds to Section j of this manuscript.

Crown facet k and pavilion facet k4 14 share girdle edge k. The pairing places each structure
of Sections 1-14 against one of Sections 15-28: the controlled trajectory (facet 1) meets statistical
inference (facet 15); first-session survival (facet 5) meets synthetic tests (facet 19); technical
reliability (facet 8) meets the event system (facet 22); creative selection (facet 12) meets update
cadence (facet 26). The pairing is a mnemonic for reading the crystal, not a claimed causal link.

29.2 Facet scores and the four facet groups

Each facet j receives a score s; € (0,1] computed from a declared proxy under a measurement
contract of the form (2.6). A score of 1 means the structure is, for the studio’s declared purpose,
as good as it needs to be; a score near 0 means it is failing. Table 6 lists the facets, their sections,
an example proxy for each, and the funnel group to which each is assigned:

R Reach (5 facets): structures that move the impression-to-click stage.

A Arrival and first session (4 facets): structures that move a click to a qualified, successful
first loop.

V' Retention and value (7 facets): structures that move a first loop to repeat play and delivered
value.

& Evidence and operations (12 facets): structures that determine how accurately the other
scores are known and how safely changes can be made.
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Table 6. The 28 facets of the crystal. Group: R reach, A arrival and first session, V retention and value,
& evidence and operations. Proxies are examples drawn from the cited sections, not prescriptions.

Facet  Structure (Section) Group Example proxy
1 Controlled trajectory (1) & Objective, horizon and constraints declared
2 Measurement contracts (2) & Share of reported metrics with a full contract
3 Cohort renewal (3) V Player-days per acquisition Lgg
4 Multistate return (4) Vv Persistence after reactivation
5  First-session survival (5) A S(5) or RMST(H)
6 Onboarding (6) A First-loop completion within a time limit
7  Challenge and progression (7) 1% Effective state diversity Neg
8  Technical reliability (8) A Successful first-loop probability gicop
9 Social play (9) 1% Repeat co-play rate
10 Economy integrity (10) % Ledger residual €jeqger near zero
11 Monetization (11) v Delivered-entitlement rate and payer value
12 Creative selection and CTR (12) R Qualified click-through rate
13 Discovery response (13) R Home-acquired cohort response
14 Causal experiments (14) £ Share of decisions backed by randomization
15  Statistical inference (15) & Interval width at decision time
16  Outcome maturity (16) & Share of cohorts with mature follow-up
17 Production capacity (17) & Planned capacity remaining after incidents
18 Constrained control (18) & Hard constraints satisfied
19  Synthetic tests (19) & Accounting invariants passed
20 Launch audit (20) & Reconciled launch metrics
21  Analytical limits (21) & Identified parameter directions
22  Event system (22) & Event-to-receipt reconciliation rate
23 Core-loop design (23) A Second voluntary loop conversion
24  Release engineering (24) & Version-tagged exposure coverage
25 Novelty and memory (25) R Returning use of new interactions
26 Update cadence (26) R Returning players reached per update
27  Structural reference (27) V Reuse of the core grammar by updates
28  Self-renewing updates (28) R Post-update returning player-days

The groups partition the facets: |R|+ |A| + [V|+|E] =5+ 4+ 7+ 12 = 28. The assignment
records each facet’s primary channel; several structures plainly act on more than one stage, and
a studio may reassign them provided the partition is declared before scores are examined.

For a group G with weights ij >0, jeG wJG = 1, define the group clarity and the overall
clarity as weighted geometric means:

a(s) = [ 5.7, (20.2)

jeG
28 28

O(s) = H sj%, w; > 0, ij = 1. (29.3)
j=1 j=1

The weights are studio choices. Absent a defensible reason to differ, equal weights w; = 1/28
and ij = 1/|G| are the neutral default.
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29.3 From 28 structures to retained click-through

Equation (12.2) factorizes retained users per impression into a click stage, an arrival stage, and
a retention stage. Call this ratio the retained click-through rate,

R
rCTR = 7 = Cclick Garrival Qretain - (294)
The crystal model posits that each stage equals a ceiling times the clarity of its group:
Cclick = E(I)R(S)y Garrival = @ @_A(S), Gretain = F(I)V(S)a (29-5)

where ¢,a,7 € (0,1] are the stage values attainable when every facet in the group scores 1.
Substituting,
rCTR =car Pr(s) Pa(s) Py(s). (29.6)

The twelve evidence facets do not appear in (29.6) as multipliers. They enter through the
uncertainty of the estimate (Proposition 29.3). In this sense all 28 structures bear on click-
through: sixteen determine what a click becomes, and twelve determine how well the studio
knows it.

Equation (29.6) restates two warnings from earlier sections in one line. A creative that raises
®r by attracting a mismatched audience lowers the first-session facets in ® 4 (Section 6.3), so
a higher raw CTR. can coexist with a lower rCTR. And because the stages multiply, no amount
of reach compensates for an arrival stage near zero (Section 20).

29.4 Three propositions
Proposition 29.1 (Fracture and bounds). For s € (0,1]®® and weights as in (29.3),

28

mjin s; < P(s) < ijsj, (29.7)
j=1

and ®(s) — 0 whenever any single score s; — 0 with the others fixed. The same statements hold

for each ®¢.

Proof. Since log® = > wjlogs; and » ,w; = 1, we have log® > 3 . wjlogminy sy =
log ming s;. Concavity of the logarithm and Jensen’s inequality give Zj w;log s; <log Zj w;s;,
which is the upper bound. If s; — 0 with w; > 0, then wj;logs; — —oo while the remaining
terms are fixed and finite, so log ® — —oo. O

A crystal is only as clear as its worst facet allows: an excellent average cannot hide a fractured
facet. An arithmetic average of scores would hide exactly that failure.

Proposition 29.2 (Weakest-facet rule). For each facet, 0®/0s; = ®w;/sj. Moreover, under
equal weights, if s; < s and an increment A > 0 can be applied to exactly one of the two facets
(with s + A < 1), applying it to facet i yields the larger clarity.

Proof. Differentiating log & = Zj w;log s; gives Olog ®/0s; = w;/s;, hence the first claim. For
the second, with w; = wy = w, the change in log ® from improving facet = € {s;, sk} is w g(x)
with g(z) = log(z + A) — logz. Since ¢'(x) = 1/(x + A) — 1/x < 0 for z > 0, g is strictly
decreasing, so g(s;) > g(sk)- O
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The rule is exact for equal increments, not only to first order. It does not say that the
weakest facet is the cheapest to repair; if repair costs differ, compare w;/(s; ;) for marginal
cost r; per unit of score, in the spirit of (17.2).

Proposition 29.3 (Precision of clarity). Let §; be estimates of sj with variances o2, independent

j )
across facets. To first order (delta method),

28 w2 o2
Var (log ®(8)) ~ Z L (29.8)
j=1 °J

Proof. A first-order Taylor expansion of log®(8) = }_ w;logs; about s gives log®(3) ~
log®(s) + >_;(w;/s;)(8; — sj). Taking the variance of the linear term under independence
yields (29.8). O

Uncertainty about clarity is dominated by facets that are both weak and noisily measured,
because Uj2- is divided by 3]2-. This is the formal role of the evidence group: measurement contracts,
mature cohorts, reconciled events and randomized assignment reduce 032. precisely where (29.8)

is most sensitive. Correlated estimates require the full covariance in place of the diagonal sum.

29.5 A synthetic illustration

Figure 14 shows a synthetic facet profile under equal weights. Its overall clarity is & = 0.504.
The three weakest facets are first-session survival (s; = 0.30), technical reliability (sg = 0.25),
and the event system (s92 = 0.30). Adding 0.15 to each raises clarity to ® = 0.528. Adding the
same 0.15 to each of the three strongest facets (s; = 0.80, s12 = 0.85, s19 = 0.70) raises it only
to ® = 0.514, as Proposition 29.2 predicts.

The repair also changes retained click-through. Facets 5 and 8 lie in the arrival group, whose
clarity rises from ® 4 = 0.374 to 0.465; facet 22 is an evidence facet and does not enter (29.6).
With &% and ®y, unchanged, equation (29.6) implies that rCTR rises by the factor 0.465/0.374 ~
1.24, while raw CTR, governed by ®x, does not move at all. All scores in this example are
invented for illustration; they are not measurements of any game.

29.6 Limits and a falsifiable prediction

The crystal inherits every caution of the manuscript. Scores are only as good as their contracts;
weights are value judgements; the group assignment is declared, not discovered; and the geomet-
ric pairing across the girdle is a reading aid. The multiplicative form (29.5) is the substantive
assumption. It encodes complementarity, as in (17.4), and it can be wrong: some structures
may substitute for one another rather than multiply.

The model therefore makes a testable claim. Under randomized assignment (Section 14), an
improvement that raises the weakest arrival facet should increase mature rCTR more than an
equal-effort improvement to an already strong facet in the same group. If repeated, well-powered
tests show the opposite, the multiplicative assumption fails for that game, and the crystal should
be replaced by an additive or estimated interaction model.

Practical implication. Score all 28 facets before buying more impressions. Judge acquisition by
retained click-through, not raw click-through, and repair the weakest facet that the evidence
group can measure reliably. A brilliant thumbnail on a fractured crystal still loses its light.
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17

6 15 14

Figure 14. A synthetic crystal profile on 28 radial axes, one per facet, numbered as in Table 6; radial
distance is the facet score s;, with rings at 0.25, 0.50, 0.75 and 1.00. The black line is the synthetic
launch profile. The shaded region is the profile after adding 0.15 to each of the three weakest facets (5,
8 and 22); it coincides with the black line on every other axis, so it is visible only as the three bulges at
those facets. Scores are illustrative, not measured.

30 Conclusion

This manuscript has treated a Roblox experience as a partially observed, controlled stochastic
system. Its contribution is a set of connected instruments rather than a single formula: mea-
surement contracts that make numbers comparable; cohort renewal and multistate models that
separate acquisition from return; survival calculus that locates early friction; causal designs that
respect changing audiences and social interference; conservation laws for economies; constrained
allocation of advertising and production hours; and a theory of updates that values durable tran-
sitions over launch-day pulses. The crystal model gathers these 28 structures into one object
and links them to retained click-through.

Three findings recur throughout. First, visible metrics are coupled outcomes, so a change in
one number rarely identifies its cause without a declared estimand and a comparison. Second,
early and structural improvements, such as reliable first loops, readable choices, and preserved
progression, propagate value to every later state, as the hazard functional derivative (5.8) and
the adjoint sensitivity (18.12) make explicit. Third, durable success comes from updates that
extend a recognizable core grammar with new situations, rather than from reach alone.

The work has clear limits. The launch audit is a single provisional case, the synthetic
experiments verify model implications rather than player behaviour, and the crystal model is an
author-defined construct awaiting empirical test. Natural next steps are to instrument a new
release with the event contract of Section 22, estimate facet scores under declared contracts, and
run the randomized comparison of Section 29.6. Each step is designed to make one consequential
uncertainty smaller, which is the standard this blueprint has applied from its first section.
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